B(Q CAU HOI THI KET THUC HQC PHAN
(danh cho bac dao tao dai hoc hé chinh quy)
- Tén hoc phan: Pai s6 tuyén tinh
- M4 hoc phan: TOA1023 -S4 tin chi:
- Thoi gian 1am bai: | 120 phit| (Khdng ké thoi gian phat/chép dé)
- Loai dé: Puoc st dung tai li¢u \_[ Khong dugc st dung tai licu

I. PHAN CAU HOI
KHOI 1.
Céu 1.1 (2 diém):
Trong khong gian vecto thuc R3, cho hé vecto
{ur = (1;152), us = (1;2;1),us = (2;3;m) }.
a) Xac dinh m sao cho {uy, u2, uz} 1a mot co s cua R3,
b) Tim ma tran doi co so tir {uy, ug, uz} sang co so chinh tic.

Ciu 1.2 (2 diém):
Trong khong gian vecto thuc R, cho cac vecto
ur = (1,2;3; =4;5), up = (=2;1;0; 3, =6), ug = (3; =5, =7, 9; -2),
uy = (3;0; —1;4;2),us = (—1; =3; —7; 15; —14),
wy = (1;1;13; —43;37), we = (1;2; 15; —40; 34), w3 = (1;0; 11; —46; 40).
Xét cac khong gian con U = (uy, ug, us, ug, us) va W = (wy, ws, w3) ctia R°. Tim s6
chiéu coa U, W, U + W, U N'W.

Céu 1.3 (2 diém):
Cho hai co s¢ ctia khong gian vecto thuc R*:
{v1 = (1,1;,1;0), 02 = (1;1;0; 1), w3 = (1;0;1;1), v = (0; 1, 1; 1)},
{e1 = (4;4;7,6),e2 = (10;9;11;12),e3 = (9;8; 11;11),e4 = (9;9; 10; 11) }.
Tim ma trdn doi co so tir co s6 {vy, va, V3, V4 } sang co sO {eq, e, €3, €4}.

Céu 1.4 (2 diém):

Cho hai tap hop cua khong gian vecto thyc R":

U={(z1,...,2) ER"x1+ -+ 2, =0}, W ={(21,...,2,) ERz1 =+ =z, }.
a) Chirmg minh rang U, W 14 cac khong gian con ctia R™. Tim mét co s& va sb chiéu

cua chung.

b) Chting minh rang R* = U @ W.

Céu 1.5 (2 diém):
Cho V 1a mo{t khong gian vecto trén truong K, gia st V cd6 mot co sd la
{v1, v9,v3, v4}. Chitng minh réng cac vecto wy, we, w3, wy Xac dinh nhu sau:

W) = V1 + V2, W2 = V2 + V3, W3 = U3 + Vg, Wq = V4
cling 1ap thanh mot co sé cta V. Tim ma tran ddi co sd tir co 86 {wy, wo, w3, w4} sang
co s& {v, va, U3, Vg }.

Céu 1.6 (2 diém):
Cho V 1a mot khong gian vecto thuc c6 co s& 1a {e1,e2}. Dit €, = ae; + bey va
€g = ce; +dey voia,b,c,d € R,

a) Tim diéu kién cta a, b, ¢, d dé {e1, €2} 1a mot cd s cia V.



b) Cho ty ddng cdu f : V — V c6 ma tran theo co so {ej,ex} 1a A = (; i)

Gia st ad — bc = 1, hdy tim ma trin cta f trong co s& {€1, €2},

Céu 1.7 (2 diém):

Cho U va Vi, V4 1a cac khong gian con cia K- khong gian vecto V. Chirng minh rang:
UNWV)+UnVy) CUN (V] + V).

Tim mét vi du dé c6 bao ham thirc thuc su.

Céu 1.8 (2 diém):
Ki hiéu Rs[z] 1a khong gian vecto thuc gdm céc da thirc mot bién x hé sb thuc bac
khong qua 3. Trong R3[x] cho cac vecto vy = 1, v3 = 1 + x, v3 = z + 22,
Vg4 = % + 23,
a) Chimg minh rang B = {vy, v2, v3,v4} 13 mot co s cua Rs[z].
b) Tim toa d6 ciia v = 2 + 3z — 22 + 223 d6i véi co s6 B.

Cau 1.9 (2 diém):
Ki hiéu Rs[x] 1a khong gian vecto thyc gom cac da thitc mot bién z hé s6 thuc bac
khong qua 3. Hay tim hang cua hé vecto sau trong R[]

{vy=1+22+23 =0 -2 +223 v3=2+2+ 323,04 = -1 + 2 — 2% + 223},

Céu 1.10 (2 diém):
Trong khong gian vecto thuc R* cho cac vecto
v1 = (1;0;1;0),v2 = (0;1; =1;1),v3 = (1;1;1;2), v4 = (0;0; 15 1).
Pit V1 = (v1, v2), Vo = (v3,v4), hily tim s6 chiéu va xac dinh co sé ctia cac khong gian
vecto Vi + Vo, Vi N Va.

KHOI2.
Cau 2.1 (2 diém):
Cho A= (é g) € M(2,R) va anh xa f: M(2,R) — M(2,R) x4c dinh boi
f(X)=AX — XA,

a) Chirng minh répg f 12 mot anh xa tuyén tinh.

b) Tim co s& va so chiéu cia Im f va Ker f.

Cau 2.2 (2 diém):
Tu dong cau ¢ cua khong gian vecto 4—chiéu V' ¢6 ma tran
-1 2 -3 -1
1 0 -1 2
A=1_4 3 2 1
-2 -1 3 -1

theo co so {e1, €2, €3,e4} cia V. Hiy tim ma tran cua ¢ theo co sd sau ctia V:
{ur =e1+ex+e3+eq,up=e1+ex+es,uz=e; +eus=er}.

Céu 2.3 (2 diém):
Cho tu dong cau f cta khong gian vecto thuc R* xac dinh boi:



f(x1; 205 235 24) = (21 4 222 + 4o — 324; 321 + DXy + 623 — 4y
4x1 + 519 — 273 + 3x4; 371 + 819 4 2473 — 191’4)
Tim co s& va so chiéu cua Im f va Kerf.

Ciu 2.4 (2 diém):
Cho V va W 1a hai khong gian con hitu han chiéu ciia mot khong gian vecto. Xét anh
xaf:VxW -V +Wchobdi f(v,w) =v+w,veV,weW,

a) Chung minh f 1a mot toan ciu va Ker(f) dang cau véi V N W.

b) Suy ra dim(V) + dim(W) = dim(V + W) + dim(V N W).

Ciu 2.5 (2 diém):
Cho Roft] = {f(t) = a0+ ait + ast?|la; € R,Vi =10,2} 1a khong gian vecto thuc
(gom cac da thirc hé sd thuc c6 bac <2). Xét anh xa ¢:Rs[t] — Ryft],
ag + a1t + agt — ap —|— ait.

a) Chirng minh rang ¢ 1a mot anh xa tuyén tinh.

b) Tim mdt co s& va xac dinh s chiéu ctiia Imyp, Kery.

Ciu 2.6 (2 diém):
Ki hiéu R, [z] 12 khong gian vecto thuc gom cac da thic hé sé thuc cd bac khong qua
n. Cho anh xa f : Ry[z] — Rg[z] x4c dinh boi:
f(P(z)) = (322 — 4z + 2)P(z) — (423 — 5z% + = — 3) P'(z),
trong 36 P’(x) 1a dao ham cua P(z).
a) Chimg minh rang f 13 mot anh xa tuyén tinh.

b) Tim ma tran cua f theo cip co so {1, z, z? 2 g3 xt xd

28, ot} va{l, z, 22, 23, 2%, 2, 20},

Céu 2.7 (2 diém):
Cho ty dong cau tuyén tinh f : R® — R3 c¢6 ma tran theo co s& chinh tic cia R? 1a
1 -3 3
A=13 -5 3
6 —6 4

a) Tim ma tran cta f theo co s S = {u; = (1;0; —1),us = (0; 1;1),us = (1;1;2) }.
b) Véi mdi s6 nguyén duong n, hay tinh A™.

Céu 2.8 (2 diém):
Cho anh xa f : R® — R3 xac dinh boi
f(z; 502@3\) = (21 + 22 — 23571 — To+ I3, %1+ T2+ 3).
a) Chirng minh rang f 1a mot anh xa tuyén tinh.
b) Tim ma trin cua f d6i voi co s¢ {v1 = (1;0;0),v5 = (1;1;0),v3 = (1;1;1)}
ciia R3,

Céu 2.9 (2 diém):

Cho 4nh xa f : R3 — R2 xac dinh béi f(x1; 2; 51:3) (2x1; X9 — x3).
a) Chtng minh rang f 1a mot anh xa tuyen tinh.
b) Tim mot co s va xac dinh sé chiéu ctua Im f, Ker f.

Céu 2.10 (2 diém):
Cho 4anh xa tuyén tinh f : R? — R3 xé4c dinh boi



flxy;x9) = (11 + 29521 — To; 11 + 29).
a) Hiy x4c dinh ma tran cta f dbi véi cip co sé chinh téc cua R? va R3,
b) Tim mot co s6 va xac dinh s6 chiéu cua Im f, Kerf.

KHOI 3.

Céu 3.1 (2 diém):

Cho h¢ phuong trinh:
(axl+bx2—|—bx3+---+bazn_1+bxn: 1

bri +axs +bxs+ -+ bxy,_1 +bx, =1

bri +bxy +bxs+ - +ax,—1+bxr,=n—1
\b931—|—ba:2+bx3+---—|—b:cn_1+a$n:n
Tim diéu kién cta a va b dé hé da cho c6 nghiém duy nhét.

Ciu 3.2 (2 diém): ,

Giai va bién luan hé phuong trinh sau theo tham so thuc A:
Ar1+ax9+2x3=1
1+ Axs +x3 = A
x1+x2—|—/\x3:)\2

Cau 3.3 (2 diém): ‘ o
Tim ma tran nghich ddo cia ma tran sau bang phuong phap phép bién doéi so cap:
1 1 1 =2

1 1 -2 1
A=11 2 1 1
-2 1 1 1
Cau 3.4 (2 diém): , ‘ ,
Giai hé phuong trinh hé s6 thuc sau bang quy tac Cramer:
3xr — 2z =3
x4+ 3y + 5t =0
y+4z+t =-1
—2y—z—4t =0
Cau 3.5 (2 diém): , ‘
Giai hé phuong trinh h¢ s6 thuc sau bang phuong phap khir Gauss:
x+2y—4z+ 3t =1
—r—2y+5z—-2t = -3
T+ 2y —3z+4t =5
—2r —4y+ 10z —4t =6
Céu 3.6 (2 diém):

Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sd thuc m:



mxi + To + I3 + T4
Tr1+mxo+ 13+ 24
T+ X9 +mx3 + T4

—_ = =

X1+ To + T3+ may

Céu 3.7 (2 diém): , ,

Giai va bién luan hé phuong trinh tuyén tinh sau theo tham so thuc a:
(2—(1)5171-1—332‘1'563 =0
x1+(2—a)x2+x3 =0
r1+x2+ (2—a)r3=0

Ciu 3.8 (2 diém): , ‘
Giai hé phuong trinh h¢ so thyc sau bang phuong phap khir Gauss:
2001 — 209+ 23— x4+ 25 =1
T1+ 209 — 23+ 24— 225 =1
4x1 — 1029 + 523 — dx4 + T25 = 1
201 — 1dxg + Txs — Txy + 115 = —1

Cau 3.9 (2diém): , ,

Tim di€u kién cua A d€ hé phuong trinh hé so thuc sau ¢6 vo so6 nghiém:
r+2y+Az=—1
2e+Ty+ 22+ 1)z =2
3r+9y+4 =1

Céu 3.10 (2 diém): ,

Giai va bién luan hé phuong trinh sau theo tham s6 thuc a:

r1 — arg + a2:r:3 =a

axr; — a?ry +azrs =1

ar, + o — adxs =1
KHOI 4.
Céu 4.1 (2 diém):
Cho ma tran hé sd thuc:
-8 —4 1
A=|—-4 7 —4
1 —4 -8

Tim cac gia tri riéng cua A va cac khong gian con riéng tuong ing véi cac gia tri riéng
d6. Ma tran A c6 chéo hoa dugc khong? Néu c6 hdy tim ma tran kha nghich C sao cho
C~'AC 1a ma tran chéo.

Céu 4.2 (2 diém):
Cho ma tran hé so thuc:



A=

O N
N =~ DN
N W W

Tim céc gia tri riéng ctia A va cac khong gian con riéng tuong ing vGi cac gia tri riéng
d6. Ma tran A c6 chéo héa dugc khong? Néu cé hay tim ma tran kha nghich C sao cho
C~1AC 1a ma tran chéo.

Ciu 4.3 (2 diém):
Cho ma tran hé sd thuc:
5 -3 3
A=13 -1 3
6 —6 8

Tim céc gia tri riéng ctia A va cac khong gian con riéng tuong ung véi cac gia tri riéng
d6. Ma tran A c6 chéo héa dugc khong? Néu cé hdy tim ma tran kha nghich C sao cho
C~'AC 1a ma tran chéo.

Ciu 4.4 (2 diém):
0 3 -1
Chomatranhésdthuc A= |2 -1 1
0 0 2

a) Hiy chéo hoa ma tran A (néu duoc).
b) Tinh det(A%°'%) va trace(A%13). O day, véi mdi ma tran vuong X, trace(X)
la tong cac phan tir trén duong chéo chinh cua X.

Céu 4.5 (2 diém):
Cho f 12 mot ty dong ciu cta khong gian vecto thuc R? x4c dinh boi:
f(l'l; X9, ZC3) = (CCl — 3%2 + 3$3; 31‘1 — 52132 + 3333; 6131 — 6£U2 + 4$3)
a) Tim cac gia tri riéng va vecto riéng twong rng cua f.
b) Xac dinh mot co sé cua R sao cho ma tran cta f theo co s& nay 1a ma tran

chéo.
Céu 4.6 (2 diém):
Cho ma tran hé sd thuc:
1 -2 -3
A=|-1 0 -3
0 -2 =2

Tim céc gia tri riéng ctia A va cac khong gian con riéng tuong ing véi cac gia tri riéng
d6. Ma tran A c6 chéo hoa dugc khong? Néu c6 hady tim ma tran kha nghich C sao cho
C~'AC 1a ma tran chéo.

Céu 4.7 (2 diém):
Cho ti dong ciu f € End(R?) xac dinh nhu sau:

f(ﬂ?l; X9, Z,Cg) = (2%1 — X9 — T3; 21’1 — 3$2 + 21’3; —2$2 + 31’3)
Tu dong céu f chéo hoa dugc hay khong? Néu dugc hiy chéo hoa f.

Ciu 4.8 (2 diém):
Cho tu dong cdu f € End(R3?) xac dinh nhu sau:



o freesag) = (201 + 22 + 23521 + 222 + @371 + 22 + 273).
Ty dong cau f chéo héa duoc hay khong? Néu duogc hdy chéo hoa f.

Ciu 4.9 (2 diém):
Cho ma tran hé sd thuc:
6 —2 -3
A=1-2 3 -6
-3 —6 -2

Tim céc gia tri riéng ctia A va cac khong gian con riéng tuong ing vGi cac gia tri riéng
d6. Ma tran A c6 chéo héa dugc khong? Néu cé hdy tim ma tran kha nghich C sao cho
C~1AC 1a ma tran chéo.

Ciu 4.10 (2 diém):
Ki hiéu R[] 1a khong gian vecto thue gom cac da thirc mot bién 2 hé s thyuc c6 béc
khong qua 2. Cho tu ddng cau f € End(Rs[x]) x4c dinh nhu sau:
flag + a1z + axx?) = (5ag + 6a; + 2a2) — (a1 + 8az)x + (ag — 2a2)z>
Hay tim céac gia tri riéng ctia f va cac vecto riéng ing voi cac gia tri riéng do.

KHOI 5.

Cau 5.1 (2 diém):

Ki hiéu M (n, R) 1a khong gian vecto thuc gom cac ma tran vudng cap n hé sb thyc.
Ching minh rang cac ma tran vuong dbi xtng cap n hé sé thuc 1ap thanh mot khong
gian vecto con ciia M (n, R). Tim s chiéu va mot co so cho khong gian vecto con do.

Cau 5.2 (2 diém): o
Gia s Vi,V5 la cac khong gian vecto con cua V. Chung minh rang néu
dim V] + dim V5 > dim V' thi V] N V5 chira it nhat mot vecto khac khong.

Céu 5.3 (2 diém):

Gia st Vi,Vo 1a cac khong gian vecto con cua V. Ching minh ring néu
dim(V; 4+ V) = dim(Vh N'V,) + 1 thi V4 + V5 tring voi mot trong hai khong gian con
da cho, con V1 N V5 tring véi khong gian con con lai.

Ciu 5.4 (2 diém):
Chting minh rang ma tran thyc A = <CCL Z) théa man phuong trinh
X? —(a+d)X + (ad —bc)l; =0

trong d6 /2 1a ma tran don vi cap 2.

Ciu 5.5 (2 diém):
Cho ty dong ciu ¢:V — V théa min diéu kién ¢* = . Ching minh ring
V = Imp & Kerp.

Ciu 5.6 (2 diém):
Cho anh xa Tr : M (3, R) — R xac dinh boi:
Tr(A) = tong cac phan tir trén dudng chéo chinh cta A.



Chung minh rang Tr 1a mot dong cau va tim mot co so cho hat nhan cia Tr.

Céu 5.7 (2 diém):
Cho A 1a ma tran vudng cap n hé so thuc, gia st A? c6 mot gia tri riéng 1a 4. Chung
minh rang 2 hodc —2 la gia tri riéng cua A.

Ciu 5.8 (2 diém):
Cho f:V — V 1a mot anh xa tuyén tinh, € V va m 1a s6 nguyén duong théa man
f™(x) =0, f*(x) # 0. Chirng minh rang hé vecto {z, f(z), f3(z),..., f" (z)} 1a
doc 1ap tuyén tinh.

Ciu 5.9 (2 diém):
Cho A la ma trdn vudng cap n cé tat ca phan tir 1a s6 nguyén chan. Chirng minh rang
A khong thé c6 gia tri riéng 1a mot s6 nguyén 1é.

Ciu 5.10 (2 diém):
Cho f : V — V’1a 4nh xa tuyén tinh, W 14 khong gian con ciia V va W’ 1a khong gian
con ctia V’. Chirng minh rang;

a) fH(f(W)) =W + Kerf.

b) f(f~H(W")) = W' NImf.



II. PHAN DAP AN

KHOI 1.
Céu 1.1 (2 diém):
a) (1 diém) m # 3.
2m-3 -m+2 -1
m-—3 m—-3 m-3

b) (1 diém) Ma tran dbi co so la € =| 270 m=4 -1
m-3 m-3 m-3
_3 1 1

m-3 m-3 m-—3

Cau 1.2 (2 diém): dim U = 3 (0,5 diem), dim W = 2 (0,5 diém), dim(U + W) = 4,
(0,5 diém), dim U N W = 1 (0,5 diém).

Ciu 1.3 (2 diém): Ma tran d6i co s 1a C' =

w w o -
= O W N
= Ot NN
=k W N

Cau 1.4 (2 diém):

a) (1,5 diém) Kiém tra U 1a mot khong gian con va xac dinh mét co so cua U
(0,5 diém). Kiém tra W 1a mot khong gian con va xac dinh mot co so cia W (0,5
diém). Chira dimU =n — 1 vadim W = 1(0, 5 diém).

b) Ching minh U N W = {0} dé suyra R" = U & W (0, 5 diém).

Cau 1.5 (2 diém): Kiém tra duoc hé {wy,ws, w3, ws} doc lap tuyén tinh va do
dim V' = 4 nén ta c6 {wy, we, w3, wy} 1a mot co sd cua V' (1 diém).

1 0 0 0
o =11 0 0 »
MatrdndoicosslaC' = = o | - (1 diém).
-1 1 -11

Céu 1.6 (2 diém):
a) (1 diém) Hé {e1, €2} 1a doc 1ap tuyén tinh khi va chi khi ma trdn P = (Z ccl)

kha nghich, tirc 1a ad — be # 0.
b) (1 diém) Ma tran cua f theo co s& (€1, €2) 1a

d —c\ (1 2\ [a c

_ p-1 _

B=r AP_(—b a)(?) 4) <b d)'

Cau 1.7 (2 diém): Lay ve (UNV)+(UNW), ta c6 v=ruv;+vs trong do

v EUNVL,va €UNVa. Suyrav = vy + vy € UN (V] + Va). (1 diém).
Ldy vi du, chdng han chon V = R%, V1 = ((1;0)), Va = ((0; 1)), U = ((1; 1)) (1 diem).



Céu 1.8 (2 diém):

a) (1 diém) Chtng minh B 1a co so cia Rs[z].

Chimg minh B doc 1ap tuyén tinh (0,5 diém), dim Rs[z] = 4 va B 1a hé 4 vecto doc
1ap tuyén tinh nén B 14 co s cia R3[z] (0,5 diém).

b) (1 diém) Toa d6 cua v = 2 + 3z — 22 + 223 ddi vdi co s6 B 1a (—4;6; —3; 2).

Céu 1.9 (2 diém): Hang cta hé vecto da cho bang hang ctia ma tran toa do trong co s&
{1,z, 22,23} (0,5 diém). Xét ma tran

1 0 1 1 10 1 1
0 1 -1 2 01 -1 2 2
A= 5 10 3|l 7100 -1 -1 (1 diém)
-1 1 -1 2 00 0 O
Do rankA = 3 nén hang ctia hé vecto da cho bang 3 (0,5 diém)

Céu 1.10 (2 diém): 7
Mot co sé cua Vi + Vo la {vg, ve, v}, dim(V3 + V5) =3 (1 dicm).
Mot co s cua Vi N V421a {(1;1;0;1)}, dim(V; N'V3) = 1 (1 diem).

KHOI 2.
Céu 2.1 (2 diém):
a) (L diém) VX,Y € M(2,R), Va,b € R,
f(aX +bY) = A(aX +bY) — (aX + bY)A = a(AX — XA) + b(AY — Y A) =
af(X) +bf(Y). ,
Do d6 f la mot anh xa tuyén tinh.
b) Mot co so cta Kerf 1a { (é (1)> : (O 1> } va dim(Ker f) = 2 (0, 5 diém).

Mot co so ctia Im f 1a { G _01> , <0 1> } va dim(Imf) = 2 (0, 5 diém).

€1 = U4
A 3 €2 = U3 — Uy L2
Cau 2.2 (2 diém): (0,5 diém).
€3 = U — U3
€4 = U1 — U2
Qua A, tinh f(u1), f(u2), f(us), f(us) theo ey, es, es, €4, roi bang hé trén theo
Uy, Ug, Ug, Uy (1 dlem) Ma tran ctia ¢ theo co s& {uy, ug, us, us} cia V' 1a:

-1 0 -3 -2
-5 =5 —4 =2 2

B = 8 5 8 5 (0,5 diém).
-5 =2 0 =2

Cau 2.3 (2 diém): V6i co sé chinh tic {er, ez es,eqt cua R tinh
fler), f(e2), f(e3), fleq). T V1ec tim rank{f(e1), f(e2), f(e3), f(es)} cho ta mot co
so cua Imf 12 {(1;3;4;3), (0; —1; —3; 2)} va dim(Imf) = 2 (1 diém).

Hé¢ phuong trlnh tuyén tlnh thuan nhat



r1+ 2209 +4x3 — 324 =0

3331 + 5.’,52 + 6373 — 43’}4 =0

dx1 + 529 — 2203 — 324 =0

3%1 + 8$2 + 24:173 — 19{1,’4 =0
tuong duong véi hé¢

{xl 4+ 2x9 +4x3 — 324 =0

—x9 — 623+ dxy =0

Ta suyra
Kerf = {(8x3 — Txy; —6x3 + bxy; x3; 4)| T3, 24 € R}, q

Do d6 mot co so cua Kerf 1a {(8; —6;1;0), (—7;5;0; 1)} va dim Ker(f) = 2 (1 diém).

Ciu 2.4 (2 diém):
a) (1 diém) Kiém tra f 13 4nh xa tuyén tinh va 1a toan anh. Véiv € V,w € W,
f(v,w) =0« v+ w=0.Do dod
Ker(f) ={(z;—z) [z €U -z eV} ={(z;—z) [z €UNV}
Anh xa V NW — Ker(f) bién x thanh (x; —z) rd rang 1a mot dang cau.
b) (1 diém) Suy ra tir dang thirc dim Ker(f) 4+ dimIm(f) = dim V' x W.

Cau 2.5 (2 diém):
a)(1 diém) Kiém tra ¢ 1a mdt 4nh xa tuyén tinh.
b) (1 diém) + Imp = {ag + ait|ag,a; € R} = R;[t] c6 mot co so 1a {1,¢} va sé
chiéu bang 2.
+ Kerp = {ast?|as € R} c6 mot co sd 1a {t?} va s6 chiéu bang 1.

Céu 2.6 (2 diém):
a) (1 diém) Kiém tra f 13 mot anh xa tuyén tinh.
b) (1 diém) Tur
f(1)=2—4x+ 322 f(z) =3+ 2+ 2% — 23, f(2?) = 62 + 62° — 5z*,
f(x3) =922 — 23 + 112* — 92°, f(2?) = 1223 — 22% + 162° — 132°, ta co ma tran
can tim.
Céu 2.7 (2 diém):
a) (1 diém) Goi B 1a ma tran cta f theo co 86 S. Tacé B = C~LAC, trong d6
1 01 1 1 1 -1
C=10 11|,c'==|-1 3 —1](0.5diém).
11 2 2\1 -1 1
—2 0 0
VayB=| 0 —2 0](0.5diém).
0 0 4

b) (1 diém) Taco A = CBC~L. Suy ra
R e e L
AM=CB'Cl =2 | (=" 4" B(=2)"—4n (=24
—(=2)" 424" (=27 447 2.(=2)" — 2.4"

Céu 2.8 (2 diém):



a) (1 diém) Chang minh f 13 4nh xa tuyén tinh.
VX = (z1;29;23), Y = (y1;92;y3) € R3, Vo, B € Rtacod
flaX +8Y)=...=af(X)+Bf(Y )nén f 1a 4nh xa tuyén tinh.
b) (1 diém) Tim ma tran cta f d6i v6i co sé {vy,va,v3} .
f( ) (1 ]., ].) = 2’02 — Vs,
f(UQ> (2a 07 O) 2U1a
1:1

fvz) = (1;1;1) = w3 (0,5 diem).
0 20
Suy ra ma tran cta f ddi v6i co so {vy, v, v3} 1A= | 2 0 0 |(0,5 diém).
-1 0 1

Ciu 2.9 (2 diém):
a) (1 diém) Ching minh f 13 4nh xa tuyén tinh.
VX = (x1;29;23),Y = (yl;yz;yg) €R3 Vo, €Rtacod
flaX+8Y)=...=af(X )+ﬁf( )nén f 1a 4nh xa tuyén tinh.
b) (1 diém) Tim mot co s& va xac dmh s6 chiéu cua Imf, Kerf.
Imf = R? = {(1;0), (0;1)), s6 chiéu bang 2 (0, 5 diém)
Kerf = {(0;1;1)), s6 chiéu bang 1 (0,5 diém).

Céu 2.10 (2 diém):

a) (1 diém) Xac dinh ma tran cta f d6i véi cap co sé chinh tic cua R? va R3.

Goi S = {e1,e2}, T = {€}, €}, €4} 1an luot 14 co s& chinh tic cua R? va R3. Ta co:
fler) = (1;1;1) = €} + e +eb, flea) = (1;—1;2) = e} — e + 2€5 (0,5 diém).
Suy ra ma tran cua cua f ddi vai cap co so chinh tic cua RZvaR3 1a

1 1
A=11 —1] (0,5 diém).
1 2

b) (1 diém) Tim mot co sO cua Im fvaKerf. 7 o
Imf = (f(ex), f(e2)), s6 chiéu bang 2 (0,5 diém), Kerf = {(0;0;0)}, s0 chiéu bang 0
(0,5 diém).

KHOI 3.
Céu 3.1 (2 diém): Hé di cho c6 nghiém duy nhat khi va chi khi hé nay 1a hé Cramer
a bbb - --- bd
b ab -~ b b
sSdet|: ... | #0e (a—b)"ta+ (n—1)b] £0.
b b b -+ a b
b b b - b a

Céu 3.2 (2 diém): Dinh thirc cia hé D = (A — 1)2(\ + 2). (0.5 diém)
4 Dx D:cz Dac3
+D#0 A# 1,2 # —2 thihé ¢o duynhﬁtnghiém( Dl’ DD )
V6i Dy = —=(A = 1)2(A+ 1), Dy, = (A = 1)%, Dy = (A = 1)*(A + 1), (0.5 diém)
+ A = 1 hé v0 s0 nghiém v&i tap nghiém la
{(z1; 295 23) € R3|1y + T2+ 23 = 1}. (0.5 diém)
+ A = —2 hé v6 nghiém. (0.5 diém)




Ciu 3.3 (2 diém): Bang cac phép bién d6i so cap dong ta dua ma tran
1 1 1 -21000
1 1 -2 1 0100
1 -2 1 1 0010
0001

2 1 1 1
1000 1/3 1/3 1/3 0 1/3 1/3 1/3 0

. lo1o0013 13 0 1/3 o |1/3 173 0 173

vematadn |\ o o 4 g 73 o 1/3 1/3 [Pod0AT =15 o 13 13 )
0001 0 1/3 1/3 1/3 0 1/3 1/3 1/3

Céu 3.4 (2 diém): Dinh thtc cia ma trdn hé sé 12 D = —26 (0, 5 diém), cac dinh thirc
14n luot thay cot hé s6 tw do 1a D, = —26, D, = 52, D, = 0, D; = —26 (1 diém). Vay
nghiém duy nhat cta hé da cho 1a (1; —2;0;1) (0, 5 diém).

Cau 3.5 (2 diém): Bing phuong phap khir Gauss, tirc 1a sir dung phép cac bién doi so
cap dong trén ma tran hé s6 mo rong, ta c6 hé phuong trinh vo nghiém.

Ciu 3.6 (2 diém):

e m = —3: hé phuong trinh vo nghiém (0, 5 diém).

e m = 1: hé phuong trinh c6 vo sé nghiém (z1; T2; 3; 24) thoa min
Ty + 29 + 23 + 24 = 0 (0,5 diém).

e m # —3 vam # 1: hé¢ phuong trinh c¢6 nghiém duy nhat

r o 1t 1 ) (1 dié
m+3’m+3’m+3’m+3( iém).

(

Céu 3.7 (2 diém): Ta c6 ma tran hé s6
2—a 1 1
A= 1 2-a 1 | detA=—(a—4)(a—1)2(0,5diém).
1 1 2-a
= det A# 0<% a#4vaa#1thihé cé nghiém duy nhat (0;0;0) (0,5 diém).
" V6&ia=4 thi hé c¢6 vo sd nghiém (z1; z2; x3) thoa man z; = x5 = x3 (0,5
diém).
= Véi a=1thi hé c6 vo sb nghiém (z1;72;x3) thoa min x1 + 3 + 23 =0
(0,5 diém).

Céu 3.8 (2 diém): Ma tran hé s6 mé rong
2 -2 1 -1 1 1
i 1 2 -1 1 -2 1 IR
4 —-10 5 -5 7 1
2 —14 7 -7 11 -1
(1 diém).
Suy ra hé ¢ vo sb nghiém (21; To; 73; 74; T5) thoa min
961:%4-%%
—%+%x3—%x4+%x5 (1 diém).
r3,T4,T5 € R

0 0 0 -1/3 2/3
1 —1/2 1/2 —5/6 1/6
0o 0 0 0 0
0o 0 0 0 O

o OO =



Céu 3.9 (2 diém): Ma tran hé s6 mé rong

12 X -1 12 X -1
A=[2 7 22+1 2 | =---= |0 3 1 4 |1diém)
39 42 1 00 A—1 0

He co vo s6 nghiém khi rankA = rankA < 3. Suy ra v6i A = 1 thi hé v6 sb nghiém (1
diém).

Céu 3.10 (2 diém): Ta c6
1 —a a® a 1 —a a® a
A=la —a> a 1| —=---—= |0 1+a® —2a® 1-a%|(diém)
1

a 1 —a 0 0 a(l—a? 1-a?

, , .
Neua ¢ {0,1, —1} thi h¢ c6 nghi¢m duy nhat (a; 15 ).

= Néu e = 0 thi hé v6 nghiém (0, 5 diém)
*  Neéua = 1thi hé vd s0 nghiém (z1; z2; 3) théa min x; = 1,29 = x3.
= Neéua = —1thi h¢ v6 s6 nghi¢m (x1;T2;x3) théamin 21 = 1,29 = —x3 (0,5
diém).
KHOI 4.

Ciu 4.1 (2 diém): Pa thtc dic trung ciia A 1a Pa(z) = —(z — 9)(x + 9)2 Do d6 A c¢b
cac gia tri riéng A1 = 9 (don) va Ay = —9 (kép) (0, 5 diém).
Khong gian con riéng E(\;) = ((1; —4; 1)) va dim(E(\;)) = 1 (0, 5 diém).
Khong gian con riéng E(Xs) = ((4;1;0), (—=1;0;1)) vadim(E(X2)) = 2 (0,5

diém).
Do d6 A chéo hoa duoc.
1 4 -1 9 0 0
PitC=1-41 0 |[tacoCtAC=|0 —9 0 | (0,5 diém).
1 0 1 0 0 -9

Cau 4.2 (2 diém): Da thuc dic trung ciia A 1a Pa(z) = —(z — 2)(z — 4)(z — 9). Do
d6 A cb chc gid trj ridng Ay = 2 (don), Az = 4 (don) va Az = 9 (don) (0,5 didm),
Khong gian con riéng E()\;) = ((2 —5; 2)) vadim(E(\)) =1
Khong gian con riéng E(X2) = ((—3; —3;2)) va dim(E(X\2)) = 1 (0, 5 diém).
Khong gian con riéng E()3) = ((1, ; )> vadim(E(A3)) = 1 (0,5 diém).
Do d6 A chéo hoa duge.

2 -3 1 200
PitC=|-5 -3 1|,tac6CtAC= |0 4 0](0,5 diém).
2 2 1 009

Céu 4.3 (2 diém): Pa thirc dic trung cua A 1la Pa(z) = —(z — 8)(z — 2)% Do d6 A c6
céc gid tri riéng A1 = 8 (don) va Az = 2 (kép) (0,5 diém).

Khong gian con riéng E(A\1) = ((1;1;2)) vadim(E(A)) = 1 (

Khong gian con riéng E(X2) = ((1;1;0),(0;1;1)) va dlm( (A2
diém).

Do do A chéo hoa duoc.



110 8 0 0
PitC =111 1|tacoCtAC= |0 2 0](0,5 diém).
20 1 00 2
Céu 4.4 (2 diém):

a) (1 diém) Pa thic dic trung ciia A 12 Py(z) = —(z + 3)(z — 2)%. Do d6 A ¢
cac gia tri riéng \; = —3 (don) va Ay = 2 (kép).

Khong gian con riéng F(A\1) = ((1; —1;0)) va dim(E(A\;)) = L.

Khong gian con riéng F(\2) = ((1;0; —2),(0;1;3)) va dim(E (X)) =2 (0,5

diém).
Do d6 A chéo hoa duoc.
1 1 0 -3 00
PitC=|-1 0 1| tacoCtAC=1| 0 2 0 (0,5 diém).
0 —2 3 0 0

b) (1 didm) det(A2013) = 22013 . 92013 (_ 3)2013 () 5d1em)
trace( A2013) = 22013 1 22013 +(=3)213(0,5 diém)

Ciu 4.5 (2 diém):

a) (1 diém) Pa thirc dic trung Pr(A) = —(\ + 2)%(A — 4). Nhu vay, f ¢ 2 gia
trj riéng 12 Ay = 4 (don) va A2 = —2 (kép) (0, 5 diém).

Khong gian con riéng E(A;) = (u; = (1;1;2)), dim(E (X)) = 1 va moi
v € E(\) \ {0} déu la vecto riéng cua f Gng v6i gia tri riéng AL

Khong gian con rigng E(A2) = (uz = (1;1;0),uz = (0;1; 1)), dim(E(Ay)) =
vamoiv € E(\) \ {0} déu 1a vecto riéng cua f Gmg véi g1a tri riéng A2 (0,5 diém).

b) f chéo héa duoc, chon {uq, us, us} 1a mot co sd cua R3 (0,5 dlem), ta cO ma

4 0 O
trdn cua f theo co sonay lamatranchéo| 0 —2 0 ] (0,5 diém).
0 0 -2

Cau 4.6 (2 diém): Pa thirc dic trung cia A 1a Pa(z) = —(z +4)(z — 1)(z — 2). Do
d6 A c6 cac gia trj riéng A\; = —4 (don), A2 = 1 (don) va A3 = 2 (don) (0, 5 diém).
Khong gian con riéng F(A\1) = ((1;1;1)) vadim(E(A)) =1
Khong gian con riéng E(A2) = ((3; 3; 2)) vadim(E(\2)) = 1 (0,5 diém).

Khong gian con riéng E(\3) = ((1; —2;1)) va dim(E()3)) = 1 (0, 5 diém).
Do d6 A chéo hoa duoc.

1 3 1 -4 00
PitC =11 3 —2|tacoCtAC=| 0 1 0](0,5diém).

1 -2 1 0 0 2

Cau 4.7 (2 diém): Da thic dic trung coa f 1a Pp(z) = —x(z + 1)(z — 3). Do d6 f ¢
cac gia trj riéng A1 = 0 (don), Ay = —1 (don), A3 = 3 (don) (0,5 diém).

Khong gian con riéng E(0) = (v = (5;6;4)) va dim E(0) = 1, ,
Khoéng gian con riéng E(—1) = (v2 = (1;2;1)) va dim E(-1) = 1(0,5 diém).
Khong gian con riéng F(3) = (v3 = (—1;0; 1)) va dim F(3) = 1 (0, 5 diém).



f chéo hoa duoc, chon {v1, v2,v3} 1a mot co sé ciia R, ma tran cua f d6i v6i co so

0 0 0
nay 1a ma tran chéo | 0 —1 0 ] (0,5 diém).
0 0 3

Ciau 4.8 (2 diém): Pa thirc dic trung cua f 1a Pr(z) = —(z — 4)(x — 1)%. Do d6 f co
cac gia trj riéng A1 = 4 (don), A2 = 1 (kép) (0, 5 diém).
Khong gian con riéng E(4) = (v; = (1;1;1)) vadim E(4) =
Khong gian con riéng F(1)= (vy = (-1;0;1),v3
dim E(1) = 2 (0, 5 diém).
f chéo hoa duoc, chon {vy,v2,v3} 14 mot co s cua R3, ma tran cua f dbi véi
4 00
co sé ndy la matranchéo[ 0 1 0 | (0,5 diém).
0 01

Ciu 4.9 (2 diém): Pa thuc dic trung cia A 1a Pa(z) = —(x + 7)(x — 7)%. Do d6 A ¢
cac gia tri riéng A1 = 7 (kép), A2 = —7 (don) (0, 5 diém).

Khong gian con riéng F(7) = ((—3;0;1),(—2;1;0)) va dim E(7) =2 (0,5
diém).

Khong gian con riéng F(—7) = ((1;2;3)) va dim E(—7) = 1(0, 5 diém).

Do d6 A chéo hoa duoc.

-3 -2 1 70 0
PatC=10 1 2|, tac6C'AC=|0 7 0 |(0,5diém).
1 0 3 00 —7

Ciu 4.10 (2 diém): Ma tran ctua f d6i véi co so S = {1,z,2%} coa Rolz] 1a

5 6 2
A=10 —1 —8|. Da thic dic trung cia f 1a Ps(z) = Pa(z) = —(z + 4)(z — 3)%
1 0 -2

Do d6 f c6 2 gia tri riéng 1a A\; = —4 (don), A2 = 3 (kép) (1 diém).

Khong gian con riéng E(—4) = (—6 + 8z + 32?) nén céc vecto riéng ung véi
gi4 tri riéng A\; = —4 1a E(—4) \ {0} (0,5 diém)

Khong gian con riéng E(3) = (5 — 2z + x2) nén cac vecto riéng g véi gia tri
riéng Ao = 31a E(3) \ {0} (0, 5 diém).

KHOI 5.
Céu 5.1 (2 diém):

Pit S(n) = {A € M(n,R)|A! = A} (A’ 1a ma tran chuyén vi ctua A) 1a tap hop
céc ma tran vudng ddi xtmg cip n hé sd thuc.

Taco S(n) #0 (0 € S(n))yvaaA+ 5B € S(n) véimoi A, B € S(n), véi moi
@, B € R nén S(n) 1a mot khong gian con ciia M (n, R) (1 diém).

Vi A= (ai)n € S(n)taco A=) icicp, aijEl; trong d6 ;14 ma trén
vudng cip n ¢6 cac phan tir nhan gia tri 1 tai hai Vl tri 1a hang 7 cot j va hang j cot
con cac phan tir tai cac vi tri khac déu bang 0, {E! ;11 <4< j <n}doclap tuyén tinh



trong S(n) nén day 1a mot co so ciia S(n) (0, 5 diém) suy ra s6 chiéu cua S(n) 1a
n+n

5— (0,5 diém).

Céu 5.2 (2 diém): Ta ludn cd
dim V] + dim V3 = dim(V; + V3) + dim(V; N'V,) < dim V + dim(V; N'V3).
Theo gia thiét dim V4 + dim V5 > dim V nén suy ra

dim V; + dim V5 < dim V; + dim V3 + dim(V4 N V3) (1 diém).
Vay dim(V; N Va) > 0 hay V4 N V5 chia ti nhat mot vecto khac khong (1 diém)

Céu 5.3 (2 diém): Theo gia thiét ta c6

dim(Vy + V5) — 1 = dim(V; N V3) < dim Vi < dim(V; + V3) (1 diém)
= Néu dimV; =dim(ViNV,) thi Vi=ViNV, Khi d6, Vi3 C Vo hay
Vi + Vo = V5 (0,5 diém).
= Néu dimV; =dim(V3 +V,) thi Vi =V, + Ve Khi d6, Vo CV; hay
VinVy = V5(0,5 diém).

Ciu 5.4 (2 diém): Ta cod
2 2
5y [a*+bc bla+d) _(a*+ad bla+d)
AT = (c(a+d) bc + d? (e+d)d = cla+d) ad+ d? (1 diém).
Suy ra A? — (a+d)A+ (ad —be)I; = 0 € M(2;R) hay A thoa man phuong trinh da
cho (1 diém).

Cau 5.5 (2 diém):

* Chirng minh V' = Imgp + Kerp 1 diém)

Ta c¢6 Imp+Kerp CV (hién nhién) nén chi can ching minh V C
Imyp + Keryp.

Véi v € V theo gia thiét ta c6 p?(v) = ¢(v) nén suy ra ¢(p(v) —v) = 0 hay
e(v) —v=u € Kerp tirclav = p(v) + u € Imyp + Kerp.
= Chirng minh Imy N Kery = {0} (1 diém)

Gia str vp € Imep N Kerp ta c6 vg = ¢(u)(u € V) va p(vg) = 0. Do p? = p nén
suy ra 0 = p(vg) = ¢*(u) = ¢(u) = vg. Vay Imyp N Kerp = {0}.

Céu 5.6 (2 diém):
= Ching minh T 1a mot dong cau (1 diém)
V&i moi A = (aij)3, B = (bij)s € M(3;R), véi moi o, f € Rtaco
TT(CYA + ﬁB) (aall + 5[)11) (aa22 + ,8622) + (O[Cl33 + ﬁbgg) = O[TT‘(A) + BTT‘(B)
nén Tr 13 mot dong cau.
* Tim mét co sé cho hat nhan cua 7T'r (1 diém)

KeI‘(T’f‘) = {A € M(B,R)|TT(A) = 0} = {A € M(S,R)|a11 + a9 + ass = O}
1

—1 0 0 —1 00
Suy ra mot co s& cho hat nhan cua Tr 14 {Ejjiz), [ 0 1 0, 0 0 0]}
0 00 0O 01

trong d6 E;; 1a ma trin vudéng cip 3 c6 phan tir tai vi tri hang ¢ cot j bang 1 va cac
phan tir con lai bang 0.



Cau 5.7 (2 diém): Do 4 1a gia tri riéng cta A% nén ta c6 det(A% —4I,) = 0. Vi A va
21,, giao hoan v&i nhau nén A% — 41, = A? — (21,)? = (A — 21,,)(A + 21I,,) (1 diém).
Suy ra det(A% —41,) = det(A — 2I,) det(A +2I,) =0 do d6 det(A —2I,)=0
hoic det(A + 21,,) = 0. Vay 2 hodc —2 1a gi tri riéng ciia A (1 diém).

Céu 5.8 (2 diém): Xét biéu dién tuyén tinh:

ap +arf(z)+ -+ apm 1 f"Hz) =0(*)véia; €R,i=0,m— 1.

Do f™(z) =0, f™ }(z) # 0 nén f*(x) = 0 véi moi s6 ty nhién n > m va f*(x) # 0
v6i moi sb tu nhién n < m (1 diém).

Tac dong lan lwot f™ L fm2 ...,f 1én (*) ta lan luot thu duoc
ag=0,a1 =0,...,a,_1 =0.Vayhé vecto da cho doc 1ap tuyén tinh (1 diém).

Ciu 5.9 (2 diém):

Véi A 1a mot s6 nguyén 1é thi A — A, 1a ma trn c¢6 cac phan tir trén dudng chéo
chinh 14 cac s6 nguyén 1é va cc phan tir con lai 14 cac s6 nguyén chin (0, 5 diém).

T dinh nghia dinh thirc ta c6 det(A — AI,) s& 1a tong cua mdt s6 nguyén 1¢ va
(n! — 1) s6 nguyén chan (1 diém)

Suy ra det(A — AI,,) # 0 hay A khong thé c6 gia tri riéng 1a s6 nguyén 1¢ (0, 5 diém).

Ciu 5.10 (2 diém):

a) Chung minh f~1(f(W)) = W + Ker f (1 diém):

z€ fAFW)) & f(z) € f(W) & Fw e W : f(z) = f(w)
SduweW:z—w=veKerfeJweW, dveKerf :x=w+wv
S rxe W+ Kerf.

b) Chimg minh f(f~Y(W")) = W NImf (1 diém):
yeWNlmfedzeV . y=flx)e W

& Jwe f[W)y=fla)eye (W)

DUYET CAN BO RA PE
(Ky va ghi o ho tén) VA XAY DUNG PAP AN
Tran Pinh Long Nguyén Duy Ai Nhan
CAN BOQ PHAN BIEN PE

Nguyén Ping Ho Hai



