Cho anh xa: f: X — Y, nghia 13, vi moi x € X ton tai y € Y duy nhat

sao cho y = f(x).

ThiduuX=Y=Rvaf:R-> R y=f(x) = 2x.

o f duoc goi la don anh néu véi moi x,x €X ma x #x thi
f(x) # f(x ). Mot cach tuong duong

f duoc goi 1a don anh néu véi moi x,x € X ma f(x) = f(x) thi

X=X,

o f duogc goi la toan anh néu véi moi yeY tdn tai x € X dé

y = f(x). ,
e f duogc goi la song anh tor X 1én Y néu no6 vura la don anh va toan
anh. Khi do, ton tai anh xa nguoc

iy ->X, x=f"'"Wey=fx

4
3

Thi du

y=2xex=

Cho A c X. Khi d6
flA) ={f(x)|x € A}
Cho B c Y. Khi d6
f~1(B) = {x € X|f(x) € B}
Ciu 2.1 (2 diém): Cho anh xa f: R = R xac dinh boi:

3
fe) = 1 +xx2'

Khao sat cac tinh chat don anh, toan anh, song anh cua f.

tin (132

Giai: Xét phuong trinh

3x
1+ x?
Phuong trinh nay tuong duong vé1 phuong trinh

y:

yx? —3x+y=0.
Khi y = 0 thi c6 duy nhat x = 0.



Khi y # 0 ta ¢ phuong trinh bac hai véi biét sd

A=9—4y?
Phuong trinh ndy c6 nghiém khi va chi khi A =9 — 4y? > 0 tuc la
khi |y| < % Phuong trinh c¢6 hai nghi€ém phan biét khi A > 0 tic la
khi |y| < % Do vay, f khong la toan anh va cting khong 1a don anh.

Pé tim f~ ( ~2, —D ta gidi cac bpt—— 1ix2 S%Vé di dén:
3x 3
S s eR|-=>< <
() - berli s <
[ _-2+V2
=T
—2—2
) X< ——
{1+x t4x =20 Jt 2
1+x%2—-4x>0 2442
>
=T
2-2
L]x = >

—2 2] [-24++V2 2—=+2] [2++2
(== P e )

Cach 2.

f khong don anh vi f(3) = f G) = %

f khong toan anh vi f(x) = 3 v6 nghiém

P2 -bert3e 25

( —2—\/_] [—2+\/§ 2—\/_] [2+\/_ )
—00; U ; U ; 00

<
4 1+x2 4

Cau 2.2 (2 diém): Cho hai 4nh xa f:N - N va g:N - N xéc
dinh boi



X .
— néu x la chan

fe=2x, g=4{7_,

2
Khao sat cac tinh chat don anh, toan anh, song 4nh cua f va g.

néu x lalé

Giai: Ta co

fO=f)exm=2yox=y
nén f don anh.
f—l (1) = @ nén f khong toan anh.

Véi moi k € N ta ¢c6 g(2k) = k nén g toan anh. Do g(2k) =k =
g2k + 1) vay g khong don anh.

Céu 2.3 (2 diém): Cho anh xa f: N — N xac dinh boi:

o =[]

(voi ki hiéu [x] dé chi s6 nguyén 16n nhét khong vuot qua x, goi
la phan nguyén cua x). Khao sat cic tinh chat don anh, toan dnh, song
anh cua f. Tim f~1({0; 1; 2}).

Giai: Ta co, voi moi n € N thi £(2n) = 2| = [n] = n nén f 1a toan
anh. Do f(2n) =n = f(2n + 1) nén f khong don anh.
f1({0;1;21) = {0;1; 2;3; 4; 5).
X X
Fl=0s0<i<io0<x<2
Dox € Nnén x = 0; 1.
Fl=1e1<><2o2<x<4
2 2

Do x € Nnén x = 2; 3.

Cau 2.4 (2 diém): Cho 4nh xa f: N — N xé4c dinh béi:
f(M)=nn+1)

Khao sat cac tinh chat don anh, toan anh, song anh cua f.



Tim f~1(2).

Giai: Ta co
VéimneN, fm)=f(n) osm(m+1)=nn+1)
m=n
@(m—n)(m+n+1)=0<:>[m+n+1=0<:>m=n
Vay f la don anh.

. 2 ~1+V5
Phuong trinh f(n) =1en“+n—-1=0n= — &N
Tac 1a f~1(1) = @ nén f khong toan anh.

. ) o n=1

fm)y=2n“+n 2_0®{n=—2(loai)

Vay f71(2) = {1}.
Ciu 2.5 (2 diém): Cho énh xa f: Z X Z — Z X Z xac dinh boi:
f,y)=(x+y2x—y+1).

Chung t6 rang f 1a mot don anh, f c6 phai 1a mot song anh khong?
Giai: Gia st voi (x,y), (x ,y ) €EZ X Zma f(x,y) = f(x,y)
khi do

x+y=x'+y' {x+y=x'+y' {xzx

{2x—y+1 = 2x —y' +1@ 2x—y=2x' —y' i

nén f 1a don anh.

, _ x+y=0 XT3
Tacof(x,y)—(0,0)@{2)6_},_*_1:0(:) B
Y =3
11 . . <
Do (—5;5) ¢ Z X Z nén f khong toan anh.
Vay f khong song anh.

Céu 2.6 (2 diém): Cho anh xa f: N — Z xac dinh boi:
f(n) = %néun chan va f(n) = —nzilné’un 1.
a) (1 diém) Chung minh rang f 1a mot song anh.

b) (1 diém) Tim 4nh xa nguoc cua anh xa f.
Giai:



a) Giasu f(m) = f(n).
Néu f(n) 20 thi f(n) == va f(m) == (n,mchin). Do d6

f(m)=f(n)<=>%=%<=>m=n.

Néu f(n) <0 thi f(n) = _”Zi va f(m) = —mTH (n,m1é). Do do

f(m) —f(n)@—m—ﬂ_—nTH@m=n.
Vay f la don anh.

V61 moim € Z,

Néum € Nthitacod f(2m) =m
Conm<0,do

n+1
- > =mSn=-2m—1€N
nén
—2m—1+1
f(-2m—-1) = — 2 =m

Vay f toan anh. Tom lai f 1a m{t song anh.

Do f(2m) =mnéum =0 va f(—2m — 1) = mnéum < 0, nén

f~1:7->N
2m néum >0
-1 — ) =
f=m) {—Zm—l, nfum<0"’

Cau 2.7 (2 diém): Cho anh xa f: N x N = N* x4c dinh boi:
f(m,n) =2™.5",

Hé1 anh xa f ¢6 l1a don anh, toan anh, song anh khong?
Giai: Ta co

f(m, n)—f(m n) & 2m 5n —om gn'
Do cach phan thh mot sO nguyen thanh céc thira s6 nguyen t6 1a duy
nhitnén n=n vam=m’, tac 1a (m,n) = (m,n) Vay f 1a don
anh.
Do s6 nguyén duong 3 khong phan tich dudi dang 2™.5" nén f
khong toan anh. Vay f cling khong song anh.



Céu 2.8 (2 diém): Cho anh xa f: X - Y.
a) (1 diém) Chung minh véimoi A € X,B € X 1udn co

f(AnB) c f(A) n f(B).
b) (1 diém) Tim mot 4nh xa f ma
f(AnB) # f(A) n f(B).
Giai:
ayDoANBcA AnBcBnén f(ANB)c f(A) va f(ANB) c
f(B). Vay f(An B) Cf(A)ﬂf(B).
b) Pat X = {a; b} vaY = {1}. Anhxa f: X — Y xac dinh boi
fl@=fb) =1
Lai dat A = {a},B = {b}. Nhu viy AN B = @ nén

0=f(AnB)*f(A)nf(B)={1}.
Céu 2.9 (2 diém): Cho anh xa f: R —» R xéac dinh boi
f(x) =x?+4x — 1.
a) (1 diém) Hoi f c6 1a don anh, toan anh khong?
b) (1 diém) Xac dinh Im f = f(R); f~1([4; 11]).
Giat:
a) Do f(—4) = f(0) = —1 nén f khong don anh.
Do f(x) =x?>+4x—1=(x+2)? — 5> —5nén f khong
toan anh.
b)Im f = {(x + 2)®> — 5|x € R} = [-5; =)
FA(411D) = {x eR|4 < x* +4x—1 < 11}
={xeER[x*+4x—-5=>0Ax>+4x—12 <0}

_ x < -5 e _
—{xE]R S /\—6st2}_[ 6: —5] U [1;2].

Cau 2.10 (14/12) (2 diém): Cho anh xa f: R — R xac dinh boi
_(x+1, néux <0
f(x)_{3x+1, néux > 0
a) (1 diém) Chimg minh f 13 mot song anh.
b) (1 diém) Tim anh xa ngugc cua anh xa f.

Giai:




a) Gia st f(x) = f(y).
Neuf(x)=f) <1thif(x)=f(y) @x+l=y+1x=y.
Néuf(x)=f(y)>1thif(x) =f(y) @3x+1=3y+1x=y.
Do vay, f don anh.
Voiy € R.
Néuy<1thif(y—1)=y—-1+1=y.
Néuy>1thif(55)=3=+1=y.
Nén f la toan anh.
Vay f 1a mot song anh.
b) Theo trén ta co6
y—1néuy <1
f=4y-1
3

,néuy >1

Céu 2.11 (2 diém): Cho anh xa f: R —» R xéc dinh bai:
f(x) = x3 — 3x2 4+ 2. X4c dinh f((—1;4]) va f~1([-2; 18)).
Giai:
Lap bang bién thién ta ¢ f((-L4])=[-2;18]
Ta cd
xef’l([-2;18))<:>f(x)e[-2;18)
{f(x)2—2 {x3—3x2+420
Ry =
F(0)<18 | ¥ -3x*-16<0

x>-1
@{ S xe[-14)
x<4

Vay £'([-218))=[-14)
Ciu 2.12 (2 diém): Cho 4nh xa f: R - R xac dinh boi:
f(x) =x3-3x+1
a) (1 diém) Hoi anh xa f c6 1a don anh, toan anh khong?
b) (1 diém) Tim mot tip A € R sao cho f 1a mot song anh tir A
vao R.



Giai:
a) Lap bang bién thién ta c6 Im £ = R nén f 1a mot toan anh.
Vi f(=1) = f(2) = 3 nén f khong la don anh.

b) Chon A = (—o0; —1) U [2; +0) tacd f la mdt song anh tir A
vao R.
Céu 2.13 (2 diém) Cho anh xa f: N x N - N x N xac dinh boi
fm;n) = (m+n;2m+n)
Hoi f ¢6 phai 1a don anh, toan anh khong?
Giar:
Gia st
fonm)y =fon',n)
>m+n2m+n)=(m +n;2m +n)
m+n=m +n m=m ro
:>{2m+n= 2m +n :>{n=n' = (mn) = (m,n).
Vay f 1a mot don anh.
Xét phuong trinh f(m,n) = (1;0) khi do6
m+n=1 m=2
{m+2n=0:{n=—1
Do (2; —1) ¢ N X N nén f khong 1a mét toan anh.

Ciu 2.14 (2 diém): Cho 4anh xa f: R? -» R? xac dinh boi:
7 fOy) =(@x—yix+y).
a) (1 diém) Chiing minh anh xa f 1a mot song anh.
b) (1 diém) Tim anh xa ngugc cia anh xa f.
Giai:
a) Vi moi (a; b) € R?, ta cd

a+b
— X =
X—y=a
fen=@he{ o1 L2,
y = 5

Do do6 f 1a mdt song anh va



£1(a: b) =<a-2|—b;b;a>.

Céu 2.15 (2 diém) Cho anhxa f: X = Y
a) (1 diém) Chung minh rang voi moi tip A € X ludn co.

Ac fHfA).
b) (1 diém) Tim mot 4nh xa f ma 4 = f~1(f(4)).
Giar:
aA)VxeEA=f(x) e f(A) > x € f_l(f(A)).
b) Thidu f:{a; b} - {1} v6i f(a) = f(b) = 1.
biat A = {a} thi

@) = (@) = F(D) = {a; b} # A
Cau 2.16 (2 diem) Cho anhxa f: X - Y

a) (1 diém) Chtng minh rang v6i moi tip B < Y ludn co.
F(f1(B)) c B.

b) (1 diém) Tim mot 4nh xa f ma f(f~1(B)) # B.

Giai:

)Yy Ef(f'B)=>fTOEFIB)=>yEB

nén f(f~1(B)) < B.
b) Thidu f:{a} - {1;2}; f(a) = 1. Bat B = {1; 2}. Khi do
FU1®) =f{ah = f(@ ={1} £ B.
Céu 2.17 (2 diém) Cho 4nh xa f:Z X Z — Z X Z xac dinh boi
f(m;n) = (2m + 3n;3m + 5n)
Chung minh f 12 mot song anh. Tim f~1.
Giai:

=
3m+5n=>b n=-3a+2b

, 2m+3n=a m=5a—-3b
Tacod f(m,n)=(a,b) <:>{ {

Do @6 f la mot song anh.
£\ (a,b)=(5a—3b,~3a +2b)



Céu 2.18 (2 diém): Cho m € N* vacho anhxa f:N —» N xac

: .. m—nnéun<m
dinh boi: f(n) = { N
m+ n,néun > m.

a) (1 diém) Hoi anh xa f c6 1a don anh, toan anh khong?
b) (1 diém) Tim mét tdp B N sao cho f 1a song anh tr N vao
B.
Giai:
a) Tacd f(my<m khi n<m va f(n)>2m khi n>m.
eDoddf(n)gA={m+1,m+2;..;2m}
nén f khong la toan anh.
Néu f(n) = f(k) < m thikhi do
f(n)=m-—n
{f(k) =m-—k
Nénf(n)=f(k)>m—n=m-k>n=k.
Néuf(n)=f(k)>mthif(n) =fk)>m+n=m+k=>
n = k.
Vay f 1a mot don anh.
b) Xét B = N\A4, tacd f 1a mdt song anh tr N vao B.
Céu 2.19 (2 diém) Cho anh xa f: (0; +) — R xac dinh boi
Inx,nful<x<1

fe) = {(x —1)%,nfux>1
a) (1 diém) Chung minh f la mdt song anh.
b) (1 diém) Xac dinh anh xa nguoc cua anh xa f.

Giai:
a) Lap bang bién thién ta c6 f 1a mot song anh.
Céach 2: Taco
f(0;1) = (=0;0); f([1; +00)) = ([0; +0)
Nén f toan anh.
Mt khéc, gia st f(x) = f(x).
N,éuf(x) =f(x)<0thix,x €(0;1)nénlnx =lnx ©x=

X .

10



Néu f(x) = f(x') = 0 thix,x € [1;+) nén (x —1)? =

x —1)2ox=x.

Vay f 1a mot song anh.

b) Véimoi y € R.
Néuy <Otacolne” = ynén f1(y) =e”
NéuyZOtac()(x—l)Z=y<:)x=1i\/;.Vefty
f'») =1+,/y. Tém lai

e, néuy < 0
o) ={

Ciu 2.20 (2 diém) Cho anh xa f:R - R xac dinh bdi

1+./y, nefuy=>0

—2x+1,x<0
3x+1,x>0.

f(X)={

a) (1 diém) Hoi 7 c¢6 1a don anh, toan anh khong?.
b) (1 diém) Xac dinh f([-14]), 7' ([1:13])-

Giai:

a) Vico f(x)=1,vxel nén s khong la toan anh.
Taco f(-3)=r()=7 nén sy khong la don anh.

b) f([-4)=[513] /(113D =[-6;4]

11



2.1 Quan hé hai ngdi va cac tinh chat

Dinh nghia 2.1.1. Quan hé hai ngéi (gon hon la quan hé) trong tap hgp E la mot tap
con R cua tap hop tich £ x E. Néu (z,y) € R thi ta néi x ¢6 quan heé R vdi y va viét

TRy, ngude lai ta néi x khéng quan hé R véi y va viét zRy.
Quan hé R c6 thé c6 nhitmg tinh chit sau day.

e R c6 tinh phdn za néu véi moi x € E ta luén c6 zRzx. Dieéu nay tudng dudng véi
dudng chéo A = {(z,z) € E x E/z € E} chita trong R.

e R c6 tinh déi ming néu 'Ry thi ta luén c¢6 yRz. Néi cach khac, R ¢6 tinh dbi xiing
néu cap thit tir (z,y) thy ¥ thuoe R thi eap déi xiimg qua dudng chéo 1a (y, x) ciing
thuoe R.

e R c¢6 tinh phdn déi xiing néu xRy v yRa thi ta ludn 6 x = y. Diéu nay cé nghia
1a néu cap thi ty (r,y) € R ma x # y thicip (y,7) ¢ R.

e R c¢6 tinh bic cau néu xRy va yRz thi ta luén c6 2R z.

2.2 Quan hé tudng duong

Dinh nghia 2.2.1. Quan hé trong tap hgp E ¢6 tinh phan xa, déi ximg va bic cau goi
la mot quan hé tuong duong.

Xét quan hé tuong duong ~ trong E. Cho x € E ta ky hiéu
T={y€E|y~ua}
goi 1a ldp twong duong ctia x. Phan tit y € T goi 1a mot dai dién cta l6p tuong duong 7.
Ménh dé 2.2.2. Cho ~ la quan hé tuong duong trong tap hop E. Khi dé ta co:
i) Moi ldp tuong duong la mot tap hop khdc rong;

i) Hai ldp tuong duong hodc c6 giao bing rong hodc bang nhau. Néu hai lop tuong
duong cé hai phan ti dai dién nao dé tuong duong thi bing nhau;

ii) E la hop cia tat cd cdc ldp tuong duong.

Tap thuwong: Tap E chia thuong cho quan h¢ tuong duong ~ trén E la
tap gom tat ca cac lop twong duong x véi moi x € E. Ki higu:

E/f. =z:xeE)



2.3 Quan hé thua tu
Dinh nghia 2.3.2. Cho tap hop F c6 thitty <va A C E.
i) Phan tit a € A goi 1a cuc dai trong A néu Vo € A ma a < x thi z = a, tiic 1a trong
cac phan ti cila A ma so sanh duge véi a thi khong ¢6 phan tit ndo 16n hon a.

ii) Phan tit b € A goi la cuc tiéu trong A néu Vo € A ma x < b thi x = b, nghia la
trong cac phan tit cia A néu so sanh duge véi b thi khong ¢6 phan tit ndo nho hon
b.

Chu y: phan tir cuc dai con dugc goi la phan tir té1 dai, phan tir cuc
ti€éu con dugc goi 1a phan tir to1 ti€u.
iii) Phan tit a € A goi 1a ldn nhat trong A néu x < a véi moi € A, diéu nay c6 nghia
14 moi phan tif trong A déu so sanh dude véi a va khong 6 phan tit nao 16n hon a.
iv) Phan tit b € A goi 1A nhé nhdt trong A néu b < x v6i moi x € A, titc 1a moi phan
tit trong A déu so sanh duge véi b va khong c6 phan tit ndo nhé hon b.
Dinh nghia 2.3.3. Cho tap hop £ c¢6 thit ty < va A C E.
i) Phan tit a € F goi la mot chan trén cia A néu x < a v6i moi # € A. Phan tit nho

nhat trong tap hgp cac chan trén ciia A néu cé goi la supremum cia A ky hicu

sup A.

ii) Phan tit b € E goi la mot chdan dudi cia A néu b < z véi moi z € A. Phan ti
16n nhat trong tap hop cac chan duéi ctia A néu c6 goi 1a infimum cia A ky hiéu
inf A.

Nhan xét ring néu a la phan tit 16n nhét (t.ar. nhd nhat) trong A thi a = sup A (tar.
a = inf A).

Cau 3.1 (2 diém): Trén N* ={1;2;3;...;n;n+ 1; ...}, xét quan hé
hai ng61 R nhu sau:
Va,b EN", aRb=3IneN={0;1;2;3;...;n;n+1;..},b = a2™.
a) R co6 phai la quan hé thur tu trén N* khong?
b) Néu R 1 quan hé thir tw, hdy tim cac phan tir toi dai, ti ticu,
16n nhat, nho nhat caa tap hop {2,3,4,6,8,10,12}
Giar:
a) R 1a mot quan hé thur tu

Phan xa: Va € N*, a = 2%a nén aRa.
Phan doi xing: Va, b € N* ma aRb va bRa thi ton tai n,m € N dé

2



b=2"avaa=2"bnénb =2"""hsuyran +m = 0nén
m=n=0.Vaya = b.
Béc ciu: Va, b, c € N* ma aRb va bRc thi ton tain,m € N dé
b=2"avac=2Mbnénc = 2""™aqa, suyra aRc.
b) Ta co

{2,3,4,6,8,10,12}

2R4, 4R8; 3R6,6R12; 10R10

Phan tir tbi dai: 8,12,10
Phan tir tbi tiéu: 2,3,10
Phan tir 16n nhat: khong ¢o
Phan tir nho nhét: khong co

Céu 3.2 (2 diém): Xét quan hé ~ trén tdp N* cac sé nguyén duong:
Va,b e N*,a ~ b 3In€Zb=a2".

Chung minh Eérlg; la mot quan hé tuong duong. Trong s6 cac 16p
twong duong 1, 2,3, 4, 6 c6 bao nhiéu 16p d6i mot phan biét.
Giai:

~ la quan hé tuong duong

Phan xa: Va € N*, a = 2%anén a ~ a.

Doi xung: Va,b € N* ma a ~ b thi ton tain € Z dé
b=2"asuyraa=2""bnénb ~ a.

Bac cau: Va,b,c e N*maa~bvab ~ cthitontain,m € Z dé
b=2"avac=2Mbnénc =2""q,suyraa ~ c.

C6 hai 16p twong duong phan biét 1 =2 =4 # 3 = 6.

Céu 3.3 (2 diém): Trén tap hop R cac sb thuc, xét quan hé R nhu sau:
Vr,yER xRy © (x> +2)(y* +1) = (y3 +2)(x% + 1).
Chung minh r_é“m_g R 1a mot quan h¢ tuong duong va xac dinh cac 16p
tuong duong 1, 2.

Giai:

R 1a quan hé tuong duong




Phan xa: Vx E R, ta ¢6 (x5 +2)(x? +1) = (x> +2)(x*> + 1) nén
xRx.
Pbi ximg: Vx,yER ma xRy thi ta c6 (x> +2)(y?+1) =
(y>+2)(x>+1). Khi d6 (y>+2)(x*+1)=x3+2)(y*>+1)
nén yRx.
Bic cdu: Vx,y,z€ R ma xRy va yRz thi (x3+2)(y?+1) =
3 +2)x*+Dva(y3 +2)(z%2+1) = (23 +2)(y* + 1) nén
B+2)2+ D +2)E+ D=3 +2)(x*+ D2+ 2%+ 1)
e X3 +2)Z*+1D) = +2)(x*+1).
Vay xRz.
Ta cod
xRle (x3+2)(12+1)=13+2)(x*+1)
©2x3+4=3x>+32x3-3x2+1=0
x=1
@(x—1)2(2x+1)=0<:>{x 1

>
Vay
1={1 1}
={Li-3
Tuong tu
xR2e (x3+2)2°+1)=23+2)(x*+1)
& 5x3 +10 =10x% + 10 © 5x3 — 10x*> = 0
2 —2) = x=0
S x“(x—2) 0®{x=2.
Nén

2 ={2;0}
Cau 3.4 (2 diém): Ky hiéu X = {m + nV5|m,n € Z}. Trén X xét
quan hé hai ngdi R nhu sau:
(m + n\/g)R(m' + nx/g) & m —m van —n déu la boi sb coa 2.
Chutng to R 1a mot quan hé trong duong va tim cac 16p tuong duong.
Giai:

R 1a quan hé twvong duong




Phan xa: Ta c6 (m+n\/§)32(m+n\/§)vim—m=n—n=0 : 2.
Déi xtmg: (m + nV5)R(m +n'V5)>m—-m =2kn—n =2¢
>m —m = -2k, n —n=—2¢nén (m' + n'\/g).‘R(m + n\/g)
Bic cau: (m + nV/5)R(m' +n'v5); (m" + n'V5)R(m" +n"V/5)
Sm-—m = 2k,n—n' = Zﬁ;m' —m = Zk',n' —n =2f
>m-m =2(k+k)n—n =20+7¢)

= (m+nV5)R(m" +n" V5)
Cac 16p twong duong theo quan hé R :
Do 0 = 0 4 0v/5 nén 0 = {m + nV5|m chin van chin}
Do1=1+40v5nén1={m+nV5|mlévan chin}

Do V5 = 0 + 1V5 nén V5 = {m + nvV5|m chén van 1¢}
Do1l++V5=1+1V5nén1++5={m+nV5mlévanlé}

Cau 3.5 (2 diém): Xét tap hop P(X) (tap tit ca cac tap con cia X)
duoc sip the ty boi quan hé bao ham "c ", trong d6 X =
{1,2,3,4,5,6}. Hay xac dinh cac phan tir t6i dai, t6i ticu, 16n nhat, nho
nhat, can trén, cadn dudi cua cac tip A= P(X)\{@} va B =
{{1,2},{1,2,3},{1,2,4},{2,3,4},{1,2,3,4,5}}.

Giai:

Tap A = P(X)\{0}:

Phan tir t6i dai: X

Phan tir tdi tiéu: cac tap con cua X gém 1 phﬁn tur
Phan tir 16n nhat: X

Phan t&r nho nhét: khong co

Phan tr can trén: X (sup A = X)

Phan tir can duéi: @ (infA = @)

Tap B = {{1,2},{1,2,3},{1,2,4},{2,3,4},{1,2,3,4,5}
Phan tr toi dai: {1,2,3,4,5}

Phan tir t6i tiéu: {1,2},{2,3,4}

Phan tir 16n nhat: {1,2,3,4,5}

Phan tir nho nhét: khong co

Phan ttr c4n trén: sup B = {1,2,3,4,5}.
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Phan tir can dudi: inf B = {2}.
Cau 3.6 (2 diém): Cho R Ia mot quan hé hai ngdi trén N* xac dinh
boi:
vm,n € N*. mRn & m|n.
a) (1 diém) Chung minh R 13 mot quan hé thu ty trén N*.
b) (1 diém) Xac dinh phan tir toi dai, phan tir téi tiéu, sup, inf cta tap
hop X = {2;4;5;6;7;8;9;10;12; 15}.
Giar:
a) Voimoim,n,p € N* taco
Phan xa: m € N*, m|m nén mRm.
Phan xtimg m,n € N*

{mR"@{mm@{”_km k{eEN >n=kin=>kl =1
nRm nlm m=~"~

>k=¢{=1>m=n.

Bac cau: m,n,p € N*
{mﬁn - {m|n o {n = km

nRp n|p p=+4n’
Vay R 1a mot quan hé thir tu trén N*
Phan tir t0i dai cua X = {2;4,;5;6;7;8;9;10;12; 15}:

7,8,9,10,12, 15.

Phan tir tdi tiéu cua X: 2,5,7,9
Tap cac chan trén cua X: {23.32.51. 71 k|k € N*} nén sup X = 2520.

Chan dudicua X: 1 néninfX = 1.
Cau 3.7 (2 diém): Ky hiéu P(X) 1a tap cac tip con cua tip: X =
{0; 1; 2; 3; 4; 5}. < 1a mot quan hé hai ngbi trén P (X) xac dinh boi:
VA, B € P(X),A<B < A>DB.

a) (1 dlem) Chung minh < la mot quan hé thir tw trén P (X).
b) (1 diém) Xac dinh phan tir ti dai, t6i tiéu, sup, inf cta tip hop

Y = {{0},{0; 1;2};{0; 1,3}, {1, 2; 3}, {2; 3; 4}{1; 2; 3; 5}
Giai:

a) Bai tap.

k,? € N* = p =kfm = m|p = mRp.

ADA
ADB,B>DA=>A=8B.
ADB,BODC=>ADC
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b) Phan tir tbi dai cua Y: {0}; {1; 2; 3}; {2; 3; 4}.
Phan tir tdi tiéu ctua Y: {0; 1; 2};{0; 1; 3}; {2; 3; 4}; {1; 2; 3; 5}.

supY = @,infY = X = {0;1;2; 3;4;5}.

Ciu 3.8 (2 diém): Cho S 13 mot quan hé hai ngdi trén R? xéc dinh

boi:  V(a;b),(c;d) € R%, (a; )S(c; d) & {

a<sc
b<d

a) (1 diém) Chimg minh S 1a mot quan hé thi tu trén trén R.
b) (1 diém) Tim cac phan tir t61 dai, to1 ti€u, sup, inf cua tap A =

(0;1] x [0;1].

Giai:

a)

b)

a

V(a;b) € RZ;{b

== (@b)Sab).
B a<sc
(a; b)S(c; d) b<d a=c
(c;d)S(a:b) & csa‘i’{b:d

d<b
& (a;b) = (c;d).

(a; b)S(c; d) <c<

v(a; b), (c; d), (&; f) e[RZ:{(‘; d)S(;f) @{ZS;S;

= (a; b)S(e; f).

Do d6 S 1a mot quan hé thir tu trén R2.

o . ., (a<x,Vae(0;1] . (1<x
Gia st (a; b)S(x; y). Khi 6 {b < y,vb € [0; 1] nén {1 <y

(1; 1) 14 phan tir 16n nhét va ciing 13 phan tir toi dai cua tip 4;

hon nira sup 4 = (1; 1)
o . ., (x<aVae(0;1] . (x<0
Gia st (x; y)S(a; b). Khi @6 {y < b,vb € [0:1] nén {y < o nén

infA = (0; 0) Do (0;0) & A nén A khong c6 phan tir tdi tiéu.

v(a:b), (c;d) € [RZ:{

A

nen

Ciu 3.9 (2 diém): Cho S 13 mot quan h¢ hai ngdi trén N* x4ac dinh
boi: Va; b € N*,aSh © dn € N,b = a.5".

a) (1 diém) Chung minh S 13 mot quan hé thir ty trén N*.

b) (1 diém) Tim cac phan tir t61 dai, to1 ti€u, sup, inf cua tap X =

{1;2;3;5;10;15; 25}.

Giai:



a) Voimoia,b,c € N* tacod

Phan xa: Va € N*,a = a.5° = aSa.
Phan xtng: Va, b € N*: aSh,bSa = In,m € N,b = a.5™;a = b.5™
s>a=a5"">5n+m=0=>m=n=0=>>b =a.
Bic cau: Va, b,c € N*: aSh,bSc = In;m € N,b = a.5";¢c = b.5™
= ¢ =a.5"™ = aSc.

Do do6 S 1a mot quan hé thir tu trén N*,
b) Phan tir toi dai cua X = {1;2;3;5;10; 15; 25}: 10;15;25
Phan tir toi tiéu cua X = {1;2; 3; 5;10; 15; 25}: 1; 2; 3
Vi 155,5825. 2510. 3515
Tap X khong c6 chan trén nén khong ton tai sup X.
Vinéu a € N* la mot chan trén cua X thi 1Sa, 2Sa. Khi d6 a vira ¢6
dang 5" va 2.5™ véin,m € Nvo ly.
Tap X khong c6 chin duéi nén khong ton tai inf X.
Vinéu b € N* 13 méot chin duéi caa X thi bS1suyral = b.5",n €
N.Khid6 b =1 van =0.Vay b = 1. Pong thoi ta cling phai c6 152
suyratontain € Ndé 2 = 5", vo ly.
Ciu 3.10 (2 diém): Cho S 13 mot quan hé hai ngoi trén R xac dinh
bsi: Va;b € R,aSh © (a* + D(b + 1) = (a + 1)(b* + 1)
a) (1 diém) Chting minh S 1a mot quan hé tuong duong trén R.
b) (1 diém) Xac dinh 16p twong duong a, véi a € R.
Giai:
a) Phanxa:Va € R, (a* + D(a+ 1) = (a+1)(a? + 1) = aSa.
Poi xing: Va; b € R,aSh © (a®> +1)(b+1) = (a + 1)(b*> + 1)
e b?*+1D@+1)=0hb+1(a*+1) = bSa.
Bac cau: Va; b;c € R,aSh,bSc = (a®> + 1)(b+ 1) =
(a+DB?+1); B> +D(c+1D)=0B+1D(c*+1)
5 @@+1Db+1D)@?*+D(c+1D)=((@+1DB*+ DB+ 1D(c*+1)
= (a2 +1)(c+ 1) =(a+1)(c*+ 1) = aSc.

Vay S la mét quan hé tuong duong trén R.

bDVvaeRxeae x*+1D@+1)=x+1D@*+1) e



x=-—1,néua=-1
xX=a

x—a)xa+x+a—-1)=0¢& [ 1—gq ndu g % —1
x_1+a
{{—1}, néua = —1
Do d6a = 1—a - .
{a,m}, neua # —1

Cau 3.11 (2 diém): Cho S 1a mdt quan hé hai ng61 trén R xac dinh
boi: Va; b € R,aSh @ a® — b3 = 3(a — b).

a) (1 diém) Chung minh S 1a mot quan hé twong duong trén R .
b) (1 diém) Xac dinh 16p twong duong a, voi a € R.

Giar:
a) Phanxa:Va € R,a®> —a® =0 = 3(a — a) = aSa.

Déi xtng: Va; b € R,aSh @ a® — b3 =3(a—b) © b3 —a® =
3(b —a) © bSa.

Bic cau: Va; b; ¢ € R,aSh,bSc = a3 — b3 =3(a—b),b3 -3
3bb—c)=2 (@ -b)+B3-c3)=3@-b)+30b—-¢c)=

a® —c3 =3(a—c) = aSc.

Viay S la mot quan hé twong duong trén R.
bDVaeRxegxSaex)P—a>=3x—-a) e (x —a)(x* +
ax +a*—-3) =0.
2

Tam thirc bac hai theo x: x2 + ax + a? — 3 c6 biét s6: A = a? —
4(@*-3)=3(4—-a?*) =0 —2<a < 2. Dodé:

( {—1;2}, néua = 2
{1;, -2}, néua = -2
7=1 la} néu |a| > 2
—a++/3(4 —a?) .
a; , néu |a| < 2.
L 2

Céu 3.12 (2 diém): Cho anh xa f: R = R, S 1a mdt quan hé hai ngoi

trén R xac dinh boi: Va, b € R, aSbh < f(a) = f(b).

a) (1 diem) Chimg minh S 13 mot quan h¢ twong duong trén R.

b) (1 diém) Chirng minh rang S 1a mot quan hé thir ty trén R néu va
chi néu f 1a mgt don anh.

Giai:



a) Va € R, f(a) = f(a) = aSa (phan xa)

Va,b € R,aSh & f(a) = f(b) & f(b) = f(a) © bSa. (Dbi xtng)
Va,b,c € R,aSh,bSc = f(a) = f(b),f(b) = f(c) = f(a) = f(c)
= aSc. (Bic cau)

Do do6 S 1a mot quan hé tuong duong trén R.

b) Gia st S la mot quan hé thir tu trén R. Khi d6, vdi moi a, b € R ma
f(a) = f(b) thitacd aSh va bSa nén a = b. Vay f 1a don anh.
Nguoc lai, néu f 1a don anh va aSh, bSa thi f(a) = f(b) nén a = b.
Do do6 S c¢o tinh phan xtng. Vay S 1a mdt quan hé thi tu.

Cau 3.13 (2 diém): Cho S 1a mdt quan hé hai ngoi trén N* xac dinh
boi: Va; b € N*,aShb ©@ An € Z, b = a.5".

a) (1 diém) Chtng minh S 1a mot quan hé twong duong trén N*.
b) (1 diém) Xéc dinh céc 16p twong duong 2, 5.
Giai:a) Voimoi a € N*, a = a. 59 nén S phan xa.
Véimoia,b € N*,aSh < 3In € Z,b = a.5" ©a=>b.5" & bSa.
Véimoi a,b,c € N*,aSh,bSc = Am,n € Z,b = a.5™,c = b.5"

= c¢=a.5"™ = aSc.
Do do6 S 1a mot quan hé twong duong trén N*.
c)VxeEN" x€2 e 25x ©3IneZ x=2.5"n€N. Vay

2 =1{2.5"|n € N}.

VXEN , x€E5 & 55x ©In€Zx=55"=5"" neNuU {—1}.

Ciu 3.14 (2 diém): Cho S 13 mot quan hé hai ngdi trén R xac dinh
boi: Vx,y € R, xSy < sin® x + cos?y = 1.

a) (1 diém) Ching minh S 1a mot quan hé tuwong duong trén R.

- R , . , , (m\ (2m
b) (1 diém) Xac dinh 16p tuong duong cua (5), (?) :
Giai:

a) Phan xa: Vx € R, sin® x + cos

2 x = 1nén xSx.

Pbi xing: Vx,y € R, xSy © sin?x + cos’y =1 1 —cos? x +

1—sin’y=1¢&sin®y +cos’x = 1 & ySx.
. 2 2. _
xSy {sm x + cos y—1:>

Bic cau: Vx,y,Z € IR,{ =
Y ySz sin® y + cos?

z=1
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2 2

sin® x + cos? y + sin y + cos?z = 2 = sin® x + cos? z = 1 = x5z.

Do do6 S 1a mot quan hé twong duong trén R.

T A . s .
xE(E)(:)xS(E) <:>51n2x+c0525=1<:>sm2x=1<:>cosx=

0 x=2+kn kel Vay (3)={5+kn| k ez

2T 2T ; 2T . 3
xe(?)(:xS(?)ﬁsmzx+cosz?=1<:>sm2x=2<:)

COS2x = —%= cosz?ﬂﬁx = i%+kn,k € Z.
A (21 _ T
Vay: (5) = {£5 + kn| k e 2}
Ciu 3.15 (2 diém): Cho S 13 mot quan hé hai ngoi trén N* xac dinh
boi: Vm,n e N* , mSn © min & 3q € N, m = gn.

a) (1 diém) Ching minh S la mot quan hé thir tu trén N
b) (1 diém) Xac dinh cac phan tir t61 dai, phan tir t61 ti€u, chan trén,
chan dudi, sup, inf cua tap X = {1;2;4;5;6;7;8;9;10;12; 15}.

Giai:
a) Phan xa: Vm € N*, m = 1. m nén mSm.
Phan xtmg: Vm,n € N*, mSnAnSm = 3q;r € N*,(m = qgn)A(n =
rm)y>m=qrm>qr=1>r=q=1=>m=n.
Béc cau: Vm, n,p € N, mSn AnSp =
g9 €N, (m=qn)A(n=q'p) >m=qq p=mSp
Vay S 1a mét quan hé thir tu trén N™,
b) Phan tir ti dai caa X 1a 1.
Céc phan tir thi tiéu ctia X 1a: 7;8; 9; 10; 12; 15.
Tap cac chin dudi cua X 1a {23.32.5.7. k|k € N*} nén infX = 2520.
Téap chan trén cta X 1a {1} nén sup X = 1.
Ciu 3.16 (2 diém): Cho S 1a mot quan hé hai ngbi trén R xac dinh
boi: Va,b € R,aSh @ a> —b%>=a—b
a) (1 diém) Chtng minh S 13 mot quan hé twong duong trén R.
b) (1 diém) Xéac dinh 16p twong duong a, véi a € R.
Giai:
a) V61 moi a,b,cel] tacod
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- a’—a’=a—a=>aSa=>S cb tinh phan xa.
-aSh=>a’-b* =a-b=b*-a’ =b—a=bSa = S c6 tinh ddi ximg.

A a’—b>=a-b s, oy LA
- = =a —c’=a-c= S cob tinh bac cau.
bSc b —c*=b-c

Vay S 1a mot quan hé twong duong trén R,

b) xea s xSaext—a :x—a<:>(x—a)(x+a—1):0<:>{
x=1-a

Do do az{a;l—a}

Cau 3.17 (2 diém): Cho S 1a mdt quan hé hai ngoi trén N? x4c dinh

boi:

v(im;n),(m;n) € N2, (m;n)S(m;n) © {m m - Zlfk k' eN
n—n =2k

a) (1 diém) Chimg minh S 12 mot quan hé twong duong trén N2.

b) (1 diém) X4c dinh tap thuong ctiia N? theo quan hé tuong duong S.

Giar:

a) V&i moi (a,b),(c,d),(e, f)ell” tacod

—ai2
{Z Z ,=(@b)S(@.b)=$ ¢ tinh phin xa.

—¢2 (e—ai2
; (a,b)S(c,d):{Z_;zz {2 ‘; ,=(@d)S(a,b)=$ ¢ tinh déi xime.

(a,b)S(c,d) a—c:2,b—d:2 a—e:2 o PN
- = = (a,b)S(e, /)= S co tinh bac cau.

(c,d)S(e,f) |c—e2,d—f:2 |b—f:2
Vay § 1a mét quan hé tuong duong trén [ .
b) Téap thuong

12/8={(0:0),(0:1),(1:0), (1:1)}
Cau 3.18 (2 diém): Cho S 1a mot quan hé hai ng6i trén N x N*
xéac dinh boi:V(p; q), (p ;q ) € N x N*

p_p

®;S(p5q) © ==

q9 4q
a) (1 diém) Chung minh S 1a mot quan hé twong duong trén N x N*.
b) (1 diém) Xac dinh cac 16p twong duong (1; 2), (2; 3).
Giar:
a) VO1 moi (a,b),(c,d),(e, f) el x[1™ ta cd
- ab=ba=>(a,h)S(a,b)= S cO tinh phan xa.
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- (a,b)S(¢,d)=> ad =bc = cb = da = (¢,d)S(a,b) = S O tinh d61 xung.

=

a C

{(a,b)S(c,d) {ad =bc |b d
- = =

(c,d)S(e, f) |¢f =de |c_e

d f

— af =be = (a,b)S(e, /)= S cO tinh bic cau.

£
f

>

Vay s la mét quan hé tuong duong trén o .
b)

x 1
(x;y)5(1;2) & 52 © (x;y) = (n;2n),n € N

= (1;2) ={(n; 2n)|n € N7}

x 2
(x;y)S(2;3) & ; =3 < (x;y) = (2n;3n),n € N*

= (2;3) = {(2n;3n)|n € N*}
Céu 3.19 (2 diém): Ky hiéu g (X) a tip cac tap con cua tip: X =
{0;1; 2; 3;4; 5; 6}. < 1a mot quan hé hai ng6i trén o (X) xac dinh bai:
VA,B € 9p(X),A<B < ACB.

a) (1 dlem) Chimg minh < 1a mét quan h¢ thur ty trén P (X).

b) (1 diém) Xéc dinh cac phan tir ti dai, tdi tiéu, sup, inf cua tip
Y ={{0},{0:;1;2},{0:1:3},{1:2:3},{2:3;4},{0;1: 3; 4;5}} .

Giai:

a) V61 moi 4,B,C e P(X) tacod

- Ac A= A< A= < coO tinh phan xa.

A=< B AcB L, s ake
- = = A=B= < co6 tinh phan doi xing.
B< 4 BcA

A< B AcB ., 2 A
- = = AcC=>A4A<C= < coOtinh bac cau.
B=<C BcC

Do do <

la mét quan hé thir ty trén P(X).

b) Phan tir téi tiéu cua Y : {0}:{1;2;3}5{2;3;4}.

Phan tir t6i dai cua Y : {0;1,2}5{1,2;3}5{2;3;4}; {0;1;3;4; 5} .

supY = X ={0;1;2;3;4;5},inf ¥ = .
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Cau 3.20 (2 diém): Cho S 1a mét quan hé hai ngoi trén N* xac dinh
b6i: Va; b € N*,aSh & I3n € N, b = a”

a) (1 dlem) Ching minh S la mot quan h¢ thur tu trén N™.

b) (1 diém) Xac dinh cac phan tir toi dai, tbi tiéu, chin trén, chin dudi
cuatap X ={3;9,27;81}.

Giai:

a) V6imoi a,b,cell” taco

- a=a' = aSa=> S c6 tinh phan xa.

aSbh b=a" b=1
=3dm,nell: =>b=b">
- | bSa a=>h" mn=1

b:1 a:bzl N 2 A - 4
= = 5 = § ¢6 tinh phan do6i xing.
a

aSbh b=a Yy LA
- =3dm,nell : o =c=a"" = aSc =S co6 tinh bac cau
CcC =

Do d6 S 1a mot quan h¢ thir ty trén [ .
b) Phan tir r6i dai: 27; 81

Phan tir to1 tiéu: 3

Tap cac chan trén: {312" |k el }

Chan duéi: 3
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1V

Phuwong phap chirng minh qui nap.
e Dung dé chirng minh mgt ménh dé toan hoc lién quan dén sb tu nhién, ma
goila go(n),n € N.
e Chuy:N={0;1;2;3;..;m;n+1; ...}
e (Cac budc cua mot chirng minh qui nap:
a) Kiém tra ménh dé g (n,) la dang, véiny € N.
b) Phat biéu gia thiét qui nap: gia st ménh dé g(n) trong 46 n = n, (nao do)
la dang.
¢) Chtng minh, khi d6 ménh dé go(n + 1) cling ding.
d) Két luan ménh dé g (n) dung véi moi n > n,,.
S6 phirc
e Ki hiéu:
C={z=x+iy|x;y € R,i? = —1},x = Re z (phan thuc); y = Im z(phan d0)
e x + yi duoc goi la dang dai s6 ciia sb phirc z
e Ditr =./x? + y? dugce goi la mo-dun cua z. ¢ = (Ox; OM) trong d6 M 1a
diém trong mit phang R? c6 toa do M(x; y). ¢ dugc goi 13 argument cia sd
phtic z.
e Khido z = r(cos ¢ + isin @) dugc goi la dang lugng giac ctua z. Cha y:
b4

: y
cosp =—;sing ==

e Kihiéu e = cosq + isin ¢ thita co dang mii ctia so phitc z = re'?.

Cho Z1 = X1 +Y1l va Zy = Xy +yZl khi do Z1+2zy = (X1 +XZ) + (yl +y2)l

ChO Z1 = T'lei(pl va Zy = Tzei(pz khi dé Z1Zy = Tlrzei(<p1+(p2) va khi Zy =0 thi

Z .
Z; N

Chuy:Néuz=x+iythiz=x—iyvanéuz =re” thiz =re

Can bac n cua s phiuc z = r(cos @ + ising) = re’?, n € N,n > 2.

Ki hiéu w = pe™¥ 1a cin bac n clia z = re'¥ khi d6 w™ = z. Suy ra
7,.eiqo — (peilp)” — pneinlp

Do do



Q 2t ;kEZ
n

Tu day suy ra

@ 27

4 k—

w=\ren*n:k €.
Do tinh tuan hoan cua cac ham cos x va sin x ta ¢6 dung n can ban n
n £+k2—n
w, = Vren “n;k €{0;1;2;...;(n— 1)}

Toa vi ctia cac wy, 1a cac dinh cia mot n giac déu, ndi tiép trong mot dudng tron cod
tam tai 0, ban kinh V7 .

Can bacn cua 1.

. 2n
Dol=e®nénncinbacncialla w, =e“n,k€{0;1;2;..;(n— 1}
2m 2n 2n k
Tur day tasuyra, néudat w = w; = en thiw, = efn = (eT) = wk.

Pao ham cip cao

Gia st ham f(x) kha vi trén (a; b) € R. Khi d6 ta ¢c6 ham dao ham f (x) trén
(a; b). BDao ham cua f "(x) (néu co) duoc goi 1a dao ham cép hai cia f va ki hiéu
la f ! hay f @) tic 1a dao ham cép hai 1a dao ham cua ham dao ham cép mot, ...
tuong tu, dao ham cta ham dao ham cép n dugc goi la dao ham cép (n+1) cua
ham f:

(f(n))' = fltD),

KHOI 4:
Céu 4.1 (2 diém):
a) (1 diém) Chung minh rang véi moi sé nguyén duong n ta ludn co:
234+ 43 + .-+ (2n)2 = 2n’(n + 1)~
b) (1 diém) Tinh
(1-0"
(1-iv3)"
Giai: a)
+Khin = 1: 23 =21%(1 + 1)? dtng
+ Gia su dang thuc ding dén n > 1, tuc 1a

23+ 43 + .4+ (2n)2 = 2n’(n + 1)?
+ Khi d6



22 +43+ -+ 20+ (2(n+ 1))3 =2n’(n+ 12 +8(n+1)3
=2n+D*(n?+4(n+ 1)) =2(n+ D%(n + 2)%
Do d6 dang thirc dung dén n + 1. Vay ding thire diing v6i moi s6 nguyén dwong n.
b)

1—i=\/—<T—%l> \/f(cos%t+lsm—) \/—eTl

\/§ 5t 51 S5t
1-iV3=2(-——i]|=2 — +isin—)=2e3"
iv3 (2 > l> (cos 3 + 1 sin 3) e
7.\ " 7 5y .\"
(1-0)" ( 1—1i )” \/EeTnl e(T§)m
(1-w3)" -3 \ L% |\ V2
T[_i n
el2 1 nm nm
= 7z =\/§n(cosE+LsmE)
Céu 4.2 (2 diém):

a) (1 diém) Ching minh rang véi moi s6 nguyén duong n ta ludn co:
1 2
1P¥4+234+. 408 = [En(n + 1)] .
b) (1 diém) Tinh
(1+iv3)"
(14 )ntt’
Gidi:a)
: 1 2
+Khin=1:1° =[5 (1+1)| ding

+ Gia sir dang thire dung dén n > 1, tuc la
2

1
P+23+-+n°= [En(n + 1)]
+ Khi do

2
PB4++n+m+1)° = En(n+ 1)] +(n+1)3

2
= (n+ 1)? (%nz +(n+ 1)) = E(n+ D(n+ 2)] .

Do d6 ding thirc dung dén n + 1. Vay dang thirc diing v6i moi s6 nguyén duong n.
b)



1+ =\/§(COS%+iSinE)

4
. — 7T . . n
1+iV3 = Zn(cos§ + lSln§)
(1+ i\/§)” 2" (cos 7 + isin g) 1 cos n3 + Lsmn?n
N+l . n+l n+l . n
1+1) 272 (cos% + isin %) 22%1 cos (n+ Dm Zl)n + isin (n+ D Zl)ﬂ
1 63 1 n- - 3)r n—3)r
- (D" e = ()R = (1) (cos P 2 4 s 2T,
o T 12 12

Ciu 4.3 (2 diém):
a) (1 diém) Chung minh bang quy nap bat dang thirc sau:

1 N 1 by 1 S 3n

12 22 27 2n+1
V&i moi s6 nguyén n > 2.
b) (1 diém) Tim dang luong giac cia sd phiic

l+itana
1—-itana
Giai:
+Khin = 2: —+ 2> 5o dung
+ Gia sir bat dang thuc dung dén n > 2, tirc 1a
1 N 1 by 1 S 3n

12 22 27 2n+1

+ Khi do
1 L1 1 L + 1 1 3n N 1
12 22 (n+1)2 2n+1 (n+1)2

_3n +6n +5n+1 3(n+1)

>
o Cn+Dn+1? " 2n+ 1D +1 ,
Do d6 bat dang thtrc dting dén n + 1. Vay bat dang thuc dung véi moi sO6 nguyén n > 2.

1+itana cosa+isina cosa +isina

1—itana cosa—isina cos(—a) +isin(—a)
= cos 2a + isin 2a.

Céu 4.4 (2 diém):
a) (1 diém) Chung minh bang quy nap bat dang thirc sau:

5 9 13 4n+1 3
7°11°15° 4n+3 4n + 3




Véi moi s6 nguyénn > 1

b) (1 diém) Tim c4c cin bic ba cua 1 — iv/3.
Giai:

+Khin=1:2> idl'mg
7 \/4+3

+ Gia st bat ding thirc dung dén n > 1, tirc 1a

5 9 13 4n+1> 3

7°11°15 " 4n+3 4n + 3
59 in+1 4n+5> 3 4n+5> 3
711 "4n+3'4n+7 In+34n+7 dn+7

. 3 4n+5> 3 4n+5 51
vi : S
n+3 dn+7 n+7  [(4n+3)(4n+7)

. e @n+5)>Un+3)(4n+7) © 25> 21 4>0.)
Do d6 bat dang thuc ding dén n + 1. Vay bdt dung v&i moi s6 nguyén duong n.

+ Khi do

5 5 5
b)1—ivV3=2 (cos?+ isin?> =2e"3
5 5?”+2kn 5?”+2k7r
U, = V2 COST-FL'SHI—
5 5t
Uy = %(cos?+isin?)

U = i/f(coslé—n + isinllTn)
Uy = %(cos% + isinlg—n)
Ciu 4.5 (2 diém):
a) (1 diém) Chtng minh rang voi moi sd nguyén duong n ta ludn cé:
D" n(n+1)

2

12-2243% -+ (- n? =
b) (1 diém) Tim céc cin bac ba cua (1 + i) /2.
Giai:
+Khin =1:1? =Mdfmg
' 2
+ Gia su dang thuc ding dén n > 1, tuc 1a



D" n(n+1)

12-2243%2 -+ (D" n? = 5

+ Khi d6
(D" n(n+1)

12—+ (D" 2+ (-D*"(n+1)? = + (D" (n+1)°

-1)" -D"n+1)(n+2
=( 2) (n+1)(2n+2—n+)=( )"( 5 ) ).
Do d6 ding thirc dung dén n + 1. Vay dang thirc diing v6i moi s6 nguyén duong n.
1+1 T T
b) = cos—+ isin—
R+ 2kn

V2 4 4
4

U, = cosT+ i sin

T 4
Uy —cosE+LsmE
B 97T+ o
U = cos12 Lsm12
177'[+ 17m
U, = cos 12 [ sin 1

VA
z+2k7‘[

3

Céu 4.6 (2 diém):
a) (1 diém) Ching minh rang véi moi s6 nguyén duong n ta ludn co:

7 , (n®+3n?+5n):3 ’
b) (1 diém) Cho hai s6 thuc a, b théa man a < b va x € (a, b). Chi rasd € > 0 sao cho

(x—¢,x+¢€) c(ab).
Gidi:a)
+Khin=1:1+34+5=9:3dung
+ Gia str dang thire ding dén n > 1, tac 1a
n®+3n2+5n:3

+ Khi d6

(n+1)3+3(n+1)2+5(n+1) = (n3 + 3n? +5n)+3(n +3n+3):3
Do d6 dang thirc dung dén n + 1. Vay dang thire diing v6i moi s6 nguyén dwong n.

b) bat0 < € < min{x — a,b — x}.
Khiddx—e=>x—(x—a)=avaix+e<x+(b—x)=>b.Nén
a<x—e<x+e<h.
Vay:
(x—€,x+¢€) c(ab).



Cau 4.7 (2 diém):
a) (1 diém) Chung minh rang, véi moi s6 nguyén duong n ta luén cé:
7 , (4"+15n—-1):9 ‘
b) (1 diém) Cho hai s6 thuc a, b thoa man a < b. Chirng minh rang
x€(a,b)e I1E(0,1):x=Aa+ (1 —A)b.
Giai: a)
+Khin=1:4+15—-1=18:9 ding
+ Gia s dang thtrc dang dén n > 1, tuc la
4" +15n—-1:9
+ Khi do
41 +15(n+ 1) -1=4(4"+15n-1)-9(5n—2) i 9
Do d6 dang thirc dung dén n + 1. Vay dang thire diing v6i moi s6 nguyén duong n.
b) Néu x € (a, b) thi chon A =ﬁe (0,1)vio<b—x<b—a.Khidd
b—x
b—a
Nguoc lai, néu 31 € (0,1): x = Aa + (1 — A)b thi
a=da+{1-Na<la+(1-Db<Ab+(1A-VDb=b
hay x € (a, b).
Ciu 4.8 (2 diém):
a) (1 diém) Chuing minh rang véi moi s6 nguyén duong n ta ludn co:
q ’ n®+11n):6
b) (1 diém) Cho n € N* va n s0 thuc x4, x5, ..., X;, thoa man
x1+x;++x, =1
Chtng minh rang ton tai i € {1,2, ...,n} sao cho x; > %
Giai:
+Khin=1:14+11=12: 6 ding
+ Gia su dang thic ding dén n > 1, tuc la
nd+11n:6

1=

ob—x=Ab—-—a)ox=b—Ab—a) =la+ (1-2)b.

+ Khi do
(n+1)3+11(n+1) = (n +11n) +3n(n+1) +12: 6
Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén duong n.

b) Gidst x; < 1/nvoimoii € {1,2,...,n}. Luc do

X1+ xy+ -+ x, <n%= 1 (vo 1)
Céu 4.9 (2 diém):

a) (1 diém) Chung minh rang véi moi sé nguyén duong n ta ludn co:



(2n®=3n2+n):6
b) (1 diém) Ching to
1
inf{— | ne N*} = 0.
n
Giai:
a) +Khin=1:2-3+1=0:6dang

+ Gia sir dang thire ding dénn > 1, tic 1a
2n® —3n2+n:i6
+ Khi do
2(n+1)3 —3(n+1)2 +(n+1)= (2n3 — 3n? +n)+6n 6
Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén dwong n.

b)+Tacé;20véiinnEN*

+V&imoi € > 0, ton tai n € N* sao cho % <E. (Chéng han, chonn = E] + 1). Tu do

suy ra dpcm.
a<aVa€eA

a:ian@{VE>O,E|aEA,a<a+e
Céu 4.10 (2 diém):
a) (1 diém) Chtng minh rang véi moi s6 nguyén duong n ta ludn c6: dao ham cép n
D" L. (n—DLa"
(ax + b)"

ﬁ(n, +00) =0Q
n=1

+Khin = 1:[In(ax + b)]' = — dung
+ Gia sir dang thire dung dén n 2 1 tuc la

[In(ax + b)]™ =

[In(ax + b)]™ =

b) (1 diém) Chung to

(DL (n-1Da"
(ax + b)"

+ Khi do6 ,
DL (n—Dla" (=D™.nl.a™*!
(ax + b)" B (ax + p)nt1
Do d6 dang thirc dung dén n + 1. Vay dang thirc diing v&i moi s6 nguyén duong n.

[In(ax + b)]+D =

b) Voi moi x € R, tdn tai n € N* (c6 thé chon n = [x] + 1) sao cho n > x, do d6
x € (n,+0). Nén x & Ny—1(n, +0). Vay Ny, (n, +o0) =



Céu 4.11 (2 diém):

a) (1 diém) Ching minh rang véi moi sé nguyén duong n ta ludn co:

( 1 >(")_(—1)”.n!.an

ax+b ~ (ax + b)nt!
b) (1 diém) Tim supremum va infimum ciia tip sau trong R (khong can chimg minh)
n oo
— | *
A—{2n+1|neN 1
Giai: a)
+ Khi _1.[1],_ —a do
==L ax+bl  (ax+b)? ung

+ Gia sir dang thire ding dénn > 1, tic 1a
[ 1 1™ (-DmnLa
ax+bl  (ax + b)n*!

+ Khi do

[ 1 D _[=D™.nl.a" , =D (n+ 1)la™t!
ax + b | (ax +b)nt1| (ax + b)n+2

Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén duong n.
b) supA = %Vé infA = %

( 1 2 n n+1 1)

D —_ Ll =L e <L < e < =
°3%5% n+1 2+ D+1 . 2

Céu 4.12 (2 diém):

a) (1 diém) Ching minh rang véi moi s6 nguyén duong n ta ludn c6: dao ham cap n
nr
(sin 2x)™ = 2" sin(2x + 7)

b) (1 diém) Cho w 1a mot nghiém phirc ciia phuong trinh x? + x + 1 = 0. Tinh w?.
Giai:
+Khin = 1:[sin 2x] = 2 cos 2x = 2sin(2x + %) dung
+ Gia str dang thie ding dén n > 1, tic la
[sin 2x]™ = 2" sin (Zx + n_n)
2

+ Khi do ,
[sin 2x]®*D = ([sin 2x](”)), = [2” slin (Zx + %)] = 2" cos (Zx + nz_n)
= 2"+l gin <2x + (n+Dm +2 )T[)

Do d6 dang thirc ding dén n + 1. Vay dang thtrc dang véi moi sé nguyén duong n.



b)Tacow? —1=(w—1)(w?+w+1)=0hay w3 =1.
Céu 4.13 (2 diém):

a) (1 diém) Ching minh rang véi moi sé nguyén duong n ta ludn co:
1
3+9+27+ -+ 3" =§(3”+1—3)

b) (1 diém) Cho w 1a mot nghiém phirc ctia phuong trinh x3 + x? + x + 1 = 0. Tinh w*
Giai: a)
+Khin =1:3 = 2 (3% — 3) ding
+ Gia su dang thuc ding dén n > 1, tuc la
3+9+27+-+3" =%(3”+1—3)
+ Khi d6
3+9+4--+3" 43" = %(3"+1 —-3)+ 3" = %(3”+2 -3)
Do do6 dang thirc ding dén n + 1. Vay dang thirc ding véi1 moi s6 nguyén duong n.
b) Tacow* —1 = (0w —1)(w? + w? + w + 1) = 0 hay 0* = 1.
Ciu 4.14 (2 diém):
a) (1 diém) Ching minh rang véi moi s6 nguyén duong n ta ludn co:
n+1)(n+2).(n+n)=2"135..2n—-1)
b) (1 diém) Giai phuong trinh sau trong C: z3 — 2 — 2i = 0.
Gidi:a)
+Khin=1:1+1= 2 ding
+ Gia sir dang thirc dang dén n > 1, tuc la
n+1)(n+2).(n+n)=2".135..2n—-1)

+ Khi do
m+1DMn+2)(n+3)..2n)2n+1)2n+ 2)

n+2)(n+3)..2n+2) =

n+1
_213..(n _nl)+(21" YDERHD) iy an- D@D - 1)

Do d6 dang thirc dung dén n + 1. Vay dang thire ding v6i moi s6 nguyén dwong n.

b) z3 =2(1+i) = 2V2 (cos% + isin%) suy ra

T V4
zZ= ’2\/5<COS4T+iSin4 3 )=ﬁ(cos<—+k?)+sin<—+k?)>,kEZ.

12 12

10



Phuong trinh da cho c6 3 nghiém

Zy = \/E(cos%+ isin%),zl = \/E(cos%ri- isin%Tn), z; =2 (coslﬁ + isin
Céu 4.15 (2 diém):
a) (1 diém) Cho day sb (u,,) xac dinh boi:
1
u; = 3
Uyl = %,Vn =1

Chung minh rang:

n
U, =3—n,‘v’n21

b) (1 diém) Biéu dién tap hop sau trén mit phang phirc

A={z€eCllz+2z|<2,|z—2z| <2}

Giai:
+Khin=1:u; = gdﬁng
+ Gia sir dang thire ding dénn > 1, tic 1a
u, = 3_71
+ Khi do

n
(n+1)un_(n+1)3—n n+1

Uyl = =
nt 3n 3n 3n+l

12

17w

12

Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén dwong n.
b) b)) A={z€Cl|z+2|<2,|z—2|<2}.Pitz=a+ibkhidbz=a=ib

nénz+z=2avaz—2z=2b.Vay
z=a+ib € Akhivachikhi|a| <1va|b| <1.

A chinh 13 hinh vuéng [—1,1] x [—1,1] trong mit phang phirc, ¢6 4 dinh 14

M(1;1),N(-=1;1),P(-1;-1),Q(1; —1).
Céu 4.16 (2 diém):
a) (1 diém) Cho day sb (u,,) xac dinh boi:

{ u1 = 1
u, =3u,_1+2",vn=>2

Chtng minh rang:

u, =531 -2 ypn>1

b) (1 diém) Biéu dién tap hop sau trén mit phang phirc

11



B={z€eC||Rez|+|Imz| <1}
Giai: a)
+ Khin = 1:u; = 1 dung
+ Gia s dang thirc ding dén n > 1, tuc la
uw. =5 3n—1 _ 2n+1

n .

+ Khi do
 Upyq = 3w, + 207 = 3(5.307 = 2nFh) 20+ = 530 — o2
Do d6 dang thtrc dung dén n + 1. Vay dang thirc diing v4i1 moi s6 nguyén duong n.
b)B={z€C||Rez|+|lmz| <1}
z =a + ib € B khi va chi khi |a| + |b| < 1.

B 14 hinh vudng (dic) véi 4 dinh M(1,0), N(0,1), P(—1,0),Q(0, —1).
Céu 4.17 (2 diém):
a) (1 diém) Cho day sb (u,,) xac dinh boi:

{ u, = -2
u, =5u, 1 +2.3"-67"+12,vn > 2
Chtng minh rang:
, u, =157.5"71 =31 37" —3,yn > 1
b) (1 diém) Biéu dién tap hop sau trén mat phang phirc
C={z€eCl|z]<1,0<Imz0<Rez}
Giai: a)
+Khin = 1:u; = —2 ding
+ Gia str dang thire ding dén n > 1, tac 1a
u, = 157.5""t —3n+tl — 377+l _ 3
+ Khi do
U, = 5(157.5"71 —3n+l 377+l _3) 4 237+l _ . 77+1 4 12
= 157.5" — 3"*t2 — 3,772 _ 3
Do d6 dang thtrc dung dén n + 1. Vay dang thuc diing véi moi s6 nguyén duong n.
b) C 13 % hinh tron don vi nim trong goc phan tu thi nhat.
Céu 4.18 (2 diém):
a) (1 diém) Cho day sb (u,,) xac dinh bai:
{ U, = 1
u, =2u, 1 +3"—n,vn=>2
Chung minh rang:
u, = —-11.2""14+ 3"y n+2,vn>1
b) (1 diém) Tim cac cin bac nim cta don vi 1.

12



Giai:
+Khin = 1:u; = 1 ding
+ Gia str dang thire dung dén n > 1, tic 1a
u, = —11.2""1 + 3" 4+ n + 2
+ Khi do
Upp =2u, + 3" —(n+1)=2(-11.2"1 4+ 3" 4 n+2)+ 3" —n—-1
=—-11.2"+3""2 + n+ 142
Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén dwong n.

b)C6 5 cin bac ndm ctia 1 = cos 0 + i sin 0 = e'°.

k2m k2m
Wy = cosT + LsmT, k=0,1,234.
Ciu 4.19 (2 diém):
a) (1 diém) Cho day sb (u,,) xac dinh boi:
u =1
2u, _

u, = 3un_+_|1_4,‘v’n > 2

Chung minh rang:
2
u, = m,‘v’n >1

b) (1 diém) Str dung cong thirc Moirve tim khai trién cos 3x theo cos x va sin 3x theo
sin x.

Gidi: a)

+Khin = 1:u; = 1 diung

+ Gia su dang thuc ding dén n > 1, tuc la

2
tn S5 3
+ Khi do
2
2u, 2eomT—3 2
Upy1 = = =
3u, +4 2 52" -3
h SggrT—_3 T4

Do d6 dang thtrc dung dén n + 1. Vay dang thuc diing véi moi sO nguyén duong n.
Ta c6 cong thirc Moivre: cosnx + i sinnx = (cos x + i sinx)™ hay e™ = (e™)",
cos 3x + i sin 3x = (cosx + i sinx)3
_ 3 2 0t 2 a2 '3 i3
=cos’x +3cos“xisinx + 3cosxi“sin“x +i’sin’ x

= cos3 x + 3(1 — sin® x)isinx — 3 cosx (1 — cos? x) —isin® x

13



= (4 cos® x — 3 cosx) + i(3 sinx — 4sin> x)

Tur d6 suy ra cos 3x =4 cos® x — 3 cos x va sin 3x = 3 sinx — 4 sin® x.
Céu 4.20 (2 diém):
a) (1 diém) Chiing minh rang véi moi s6 nguyén duong n ta co:
1 1

1
ﬁ+ﬁ+'"+ﬁ<2\m'

b) (1 diém) Chimng to tong cac can bac n (n = 2) cta 1 bang 0.
Giai:a)
+Khin =1:1 < 2 diung
+ Gia su bat dang thirc dung dénn > 1, tc 1a

1+1+ +1<2«/—
— — coe — n.
Vi oV2 Vn
+Khi d6
1+1+ +1+1<2\/_+1
— — see — n .
Vi W2 vn Vn+1 Vn+1
1
2vn + <2Vn+1
vn+1

Do d6 dang thirc dung dén n + 1. Vay ding thire ding v6i moi s6 nguyén dwong n.

2

b) Céncinbacncuadonvilal, w, w?,...,w" !, trong d6

2 27

W =CoOS— + I SIn—.

n n

Suy ra
5 1 " —1
ltot+w +-+w" " = =0
w-—1
\Y

Da thtrc bac n: P,(x) = apx™ + a;x* 1 + -+ a,_;x + a, trong d6 a, # 0.

ay, ay, ..., a, lacac $b thuc cho trudce, goi 1a hé sb cua da thtrc. Khi a, ERk =

0;1;2; ...; n thi ta néi da thirc P, (x) c6 hé s6 thuc, ki hiéu P, € R[x], twong tu ta cé tap
cac da thic hé s6 hiru ti Q[x], tap cac da thirc c6 hé sd phirc C[x].

Néu P, (x,) = 0 thi

14



P, (x) =P,(x) — P,(xp) = apx™ + a;x" 1+ -+ a,_1x+a,
—(agxd + a;x2 1+ -+ a,_1x, + a,)
= ag(x" = x3) + a (X"t = x§ 7)) + 4 @y (x — xp)
= (x — x0)Pp_1(x)
Ta noi x; la mot nghiém cua da thic P, (x).

Nguoi ta ching minh dugc réng, da thirc bac n hé sb thuc c6 nhiéu nhit n nghiém thuec.
Khi P,(x) = (x — x¢)?P,_,(x) va P,_,(xy) # 0 ta néi x, 1a nghiém boi 2 hay la
nghiém kép ctia da thirc P, (x). Tuong tu, khi P,(x) = (x — x¢)*P,_, (x) va P,_, (x,) #
0 ta ndi x, 1a nghiém boi k cua da thirc P, (x).

Néu da thtrc hé s6 thuc P, (x) c6 nghiém 14 s6 phiic z = a + ib thi s6 phirc lién hiép cia
s0 phtrc z 1aZ = a — ib cling 1a nghiém cua B, (x).

Mot da thirc dwoe bat kha qui trén truong s6 thwe (phirc) néu né khong phan tich
duwgc thanh tich cia da thirc hé so thuce (phirc) c6 bac nhoé hon.

Céac da thuc bat kha qui trén truong s6 thuc ¢6 dang bac nhat hodc da thirc bac hai véi
biét sb A < 0.

U'dc chung 16m nhit cia hai da thire P(x) va Q(x) 1a da thic D(x) néu D(x) 1a udc
chung cua hai da thirc nay va néu d(x) la mot udc chung bat ky cua P(x) va Q(x) thi
d(x) clng 1a w6c cua D(x). Ki hiéu D(x) = (P (%), Q(x)). Khi D(x) = 1 thi ta n6i hai
da thirc P(x) va Q(x) nguyén td cing nhau.

Cach tim USC 16m nhét ciia hai da thiee P(x) va Q(x), bic ciia Q < béc ciia P.
Chia c6 du P cho Q c6 thuong 1a T; vadu 1a Ry; degR; < degQ,

P =QT, + Ry,
Chia c6 du Q cho Ry c6 thuong 1a T, va du la R,,deg R, < degR;.
Q=RT, +R;

Chiacédu R,_, cho R,_; cothuong la T,, dula R,
R, =Ry 1T, + R,
Chiacé du R,_; cho R, c¢6 thuong la T,,,; du 1a 0.
Két luan: R,, 1a USC 16n nhét cua P va Q.
Khi dé6
R, =Ry — Ry 1T,
=R, 2 —T,(Ry3— R, 3T, 1) = —T,R, 3+ (1 = T,_1)R,
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R, = PU + QV.
Céu 5.1 (2 diém): Cho da thtrc hé sd thuc
P(x)=x® —x>+3x*—2x3+3x2—x+1
a) Chung t6 i 1a nghiém kép cua P(x).
b) Hay phan tich P(x) thanh tich cac da thirc bat kha quy trén R.
Giai: a) St dung phép chia hai da thirc cho nhau ta co6

P(x)=(x*+1)?x?—x+1)
P(x)=(x—i)?(x+D*@x*—x+1)

Nén i 1a nghiém kép ctuia P(x)

b)
P(x)=(x*+1D*(x*—-x+1)
x0 — x> +3x* —2x3+3x2 —x+1 x* 4+ 2x% +1
x® + 2x* + x? x?
— x> +xt—2x3+2x2 —x+1
—x° — 2x3 — X
x*+2x%2 + 1 —X
x*+2x%2 + 1
0 1

Céu 5.2 (2 diém): Trong R[x] cho hai da thuc f(x) = x* + 3x3 + 6x% + 6x + 4
vag(x) =x*+x+1.

a) f(x) va g(x) co nguyén t6 cing nhau hay khong?

b) Néu f(x) va g(x) nguyén to cing nhau, hay tim hai da thirc r(x) va s(x) sao
chol=7r)f(x) + s(x)gx).

Giai:

x* +3x3+6x% 4+ 6x + 4 x2+x+1
x* 4+ x3 +x? x?
2x3 +5x2 + 6x+ 4

2x3 + 2x% + 2x 2x
3x2 +4x + 4

3x2+3x+3 3
x+1

fX)=gx)(x®+2x+3)+(x+1)
gx)=(@x+Dx+1
Do d6 f(x), g(x) nguyén té cung nhau. (f(x), g(x)) = 1.
Ta co
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1=9gx)—(x+1x

=g() = [f(x) = g(x) (x* + 2x + 3)]x
= —xf(x) + (x3+2x% +3x + 1) g(x)
Vayr(x) = —xvas(x) =x3 +2x2+3x+1

1=—x(x*+3x3+6x2+6x+4)+ (3 +2x2+3x+ D% +x + 1))

Céu 5.3 (2 diém):

a) Giai phuong trinh x> — 2x + 2 = 0 trén trudng s6 phic.

b) Hay tinh f(i + 1) v6i f(x) = x7 —3x> + 9x* — 9x3 + 9x% —3x + 1
Giai: a) Taco

x2—=2x4+2=@x*-2x+1)+1=(x—1)% —i?
=(x—-1-Dkx—-14+1)

Nén phuong trinh c6 hai nghiémlax; =1—1i,x, =1+1

b) Ta chia da thtc f(x) cho da thirc g(x) = x? — 2x + 2 thi dugc

fx) =g(x)Ps(x) +x -1

Do g(1 +i) = 0nén
fG+D)=0+—-1=1.
Tuong ty

fA-D=0-i)—-1=—i.

Céu 5.4 (2 diém): Trén truong Q cac s6 hiru ti, tim uéc chung 16n nhat cua
fx) =2x* —x3+x2+3x+1,9(x) = 2x3 — 3x% + 2x + 2.

Hay tim hai da thic t(x) va s(x) sao cho d(x) = r(x)f(x) + s(x)g(x). Trong
d6 d(x) la uwoc chung 16n nhat cia f(x) va g(x).

fx)=g@x+1)+ 2x*—x—1)
gx)=Qx?—x-1Dx-1D+2x+1)
2x°—x—-1=Qx+1)(x-1)
Do d6 (f(x),g(x)) =2x + 1
2r+1=gx) - 2x* —x-Dx=1) = gx) = [f(x) — g (x + D](x = 1)
2x+1=(—x+1f(x) +x%g(x)
KL: r(x) = —x + 1;s(x) = x2.

Céu 5.5 (2 diém): Cho da thirc A(x) = x> + x — 2 v6i a, 8 1a cac nghiém khac 1 cia
A(x) trong C.
a) Tinh: a + f va af.
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b) Tim da thirc bac hai B(x) € R[x] sao cho B(1) = 1,B(a) = 8,B(B) = a.
Giai:
B rx—-2=x-14+x-1=x-D&*+x+D+x—-1=
=(x—-1D&*+x+2)
Dox3+x—-2=x-1)&*+x+2)néna+pf=-1af =2

Goi B(x) = ax? + bx + c(a # 0) Tacé

( ( 3

a=">
B(1) =1 a+b+c=1 a+bh4c=1 41
B(a) = & aa2+ba+c=,3<:)< —a+b=-1 S b=—-
BB =a |af?+bf+c=a |[-3a—b+2c=-1 s

\ L\ €73

aa’?+ba+c—(ap*+bf+c)=p—«a
al@a—p)la+p)+bla—-pf)=pf—«a

aa’? +ba+c+ (@p?+bf+c)=F+a
a(@®?+p)+bla+pB)+2c=p+a

alla + B)? = 2afl+b(a+pB) +2c =P+«
—3a—b+2c=-1

Do do
1 1

3
B(x) =-x%—- —
(x) 25 % + >
Céu 5.6 (2 diém): Cho da thirc
P(x) = x* —x3 +2x% + x + 3.
a) Chung t6 x = 1 + +/2i 1a nghiém ciia da thirc P(x) trén C.
b) Hiy phan tich P(x) thanh tich cac da thirc bat kha quy trén R[x].
Giai:
Do P(x) 1a da thtrc hé sb thue néu c6 nghiém x = 1 + v/2i thi ciing c6 nghiém x = 1 —
v/2i nén chia hét cho
(x—1-v2i)(x —1+V2i) =x? —2x + 3
Ta dung phép chia hai da thuc véi nhau thi co
P(x) =(x®?=-2x+3)(x*+x+1)

Nén suy ra a) va b) (Vi hai da thtc bac hai trong phan tich cta da thirc P(x) déu c6 biét
thitc A < 0).

Céu 5.7 (2 diém): Cho da thirc
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P(x) =x*+x3+2x? —x + 3.

a) Chimg t0 x = —1 + +/2i 1a nghiém cua da thitc P(x) trén C.

b) Tim cac nghiém con lai cua P(x) trén C.
Giai: a)
Do P(x) 1a da thtrc hé sb thue néu c6 nghiém x = —1 + /2i thi ciing c6 nghiém
x = —1 — +/2i nén chia hét cho

(x +1—v20)(x +1+v2i) = x>+ 2x +3
P(x) = (x> +2x+3)(x* —x+1)

b) P(x) c6 bdn nghiém la:

1++/3i 1—-+3i
—1++2i,—1 -2, g
s xr1=w—20x4 (D) 2= (x-2) RN
X X =X ZX 2 4—X 2 Zl

B 1 V3, 1 3,
—<x—§—71)<x—5+7l>

Céu 5.8 (2 diém): Tim da thic P(x) bac 4 hé sb thuc biét rang trén truong sb phic da

thirc d6 ¢6 hai nghiém 1a 1 + 2i va - i. Tt d6 chirng minh réng P(x) chia hét cho da thuc

Q) =x?>+({—Dx+i+2.

Gidi: a)

P (x) da thiic hé so0 thuc ¢6 hai nghiém 1 + 2i, —i nén ciling c6 hai nghiém l1a 1 — 2i, i.
P(x) =k(x—D(x+Dx—-1-20)(x—1+2i) =k(x*+1)(x* —2x+5)

trong d6 k € R, k # 0.

Tacoé: Q(x) =(x—i)(x—1+ 2i)

Do d6 P(x) : Q(x) trén truong so phuec.

Céiu 5.9 (2 diém): Cho P(x) = x* +x + 1 —i.
a) Tim cac nghiém cua P(x) trén truong sb phirc.
b) Tim da thirc Q (x) bac 4 trén truong sé thyuc biét ring Q (x) chia hét cho P (x).
Giai: a)
Px)=(x—-Dxx+i+1)
P(x) c¢6 hainghiémla i,—1 —i
b) Do Q(x) i P(x) va Q(x) co hé s thuc nén Q(x) c6 nghiém i, —1 —iva-i,—1 +i

trén C.
Q) =k(x—Dx+Dx+i+Dx—i+1)=kx*+1DX*+2x+2),k#0
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Ciu 5.10 (2 diém): Cho P(x) = x% + 2x + 1 + 2i.
a) Tim cac nghiém cua P (x) trén truong sb phirc.
b) Tim da thirc Q(x) bac 4 trén trén truong sd thuc biét rang Q(x) chia hét cho
P(x).
Giai: a)
P(x) =x*+2x+1+42i=x?—i’+2x+2i=(x+D(x+2-1)
P(x) c6 hai nghiém la —i,—2 + i.

b) Do Q(x) i P(x) va Q(x) c6 hé sd thuc nén Q(x) c6 nghiém —i, —2 + i vai,—2 — i
trén C
Q) =k(x—Dx+Dx+2+Dx+2-)=k(x?+1D*>+4x+5),k#0

Ciu 5.11 (2 diém):

a) Tim a,b sao cho da thirc P(x) = x> + 8x% 4+ 5x + a chia hét cho da thirc
Q(x) =x?>+3x+b.

b) Phén tich da thirc R(x) = x* — x? + 1 thanh tich cac da thuc bat kha quy trén
truong sO phtrc.

Giai: a)

x3+8x2+5x+a x> +3x+b
x3 + 3x% + bx X

5x°+ (5 —b)x+a

5x% + 15x + 5b 5
—(b+10)x+a—5b

Ta c6 P(x) =x3+8x2+5x+a=((x+5&*+3x+b)—(b+10)x +a—5b
be P(x) : Q(x)thib=-10,a = =50

b)R(x) =x*—x?+1=(x?+1)%? — 3x?
= (x2=V3x+ 1)(x2 +V3x + 1)

V3—i V3 +i V3 —i V3 +i
= (=) ) e ) )

Céu 5.12 (2 diém): Hiy tim nhitng da thirc U(x) va V(x) co béc thip nhét sao cho
U(x)P(x) + V(x)Q(x) = D(x), 6 ddy D(x) la udc chung 1én nhat ctia hai da thire:

P(x)=x*+2x3—x?—4x—-2;Q0(x) = x* +x3 —x? —2x -2

Giai:
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P(x) = Q(x) + (x3 — 2x)
Q(x) =(x®=2x)(x + 1) + (x> = 2)
x3 —=2x = (x* - 2)x
Vay (P(x),Q(x)) = x? — 2
x2=2=0Q0) - (X} -20)(x+ 1) =Qx) - (P(x) —Q(x))(x + 1)
=(—x—DP() + (x +2)Q(x)
VayU(x) =—x—1,V(x) =x + 2

Céu 5.13 (2 diém): Cho hai da thirc:

P(x)=x*+x3—-3x>—-4x—-1,0(x) =x3+x*—x—1

a) Tim udc s6 chung 16n nhat S(x) cua hai da thiac P(x) va Q(x).
b) Tim hai da thire U (x) va V(x) sao cho U(x)P(x) + V(x)Q(x) = S(x).
Giai:
P)=x*4+x3-3x2—-4x—-1=x3(x+1) -3x(x+1D)-(x+1)
=(x+1DKx3-3x-1)
Q) =x3+x2—x—-1=x*x+D-x+D=Cx+D&*-1D=x+1?*x—-1)

Do ((x®*=3x—1),(x+1)(x-1))=1nén (P(x),Q(x))=x—1.

P(x) =Q(x).x + (—2x? —=3x—1)

3 3\ 4 2
—2x*—3x—-1= <_§x_§) (§x+§)
Vay (P(x),Q(x)) = —gx —;

—%x _;: 20(x) — (—2x* = 3x— 1) (—x +%)

=2Q(x) — (P(x) —x.Q(x)) (_x + %)

= (x —%)P(x) + (—x2 +%x + Z)Q(x)
Vay U(x) = x —%,V(x) = —x? +%x +2

Céu 5.14 (2 diém):

a) Tim da thirc bac 3 ¢6 dang P(x) = x> + ax? + bx + ¢ sao cho P(x) chia hét
cho x — 1, P(x) chia cho x + 1 du —16 va P(x) chia cho x + 2 du —60.

b) Phan tich P(x) thanh cac da thirc bat kha quy trén trudng sb thuc.

Px)i(x—1)=>P(1)=0=>1+4+a+b+c=0
Px)+16):i(x+1)>P(-1)+16=0>a—-b+c+15=0
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(P(x)+60):(x+2)=>P(-2)+60=0=>4a—-2b+c+52=0
a+b+c=-1
{ a—b+c=-15
4a — 2b+ c = —-52
a=-10,b=7,c =2
Céu 5.15 (2 diém): Tim da thirc bac 3 c6 dang P(x) = x® + ax? + bx + ¢ sao cho P(x)
chia hét cho x — 2 va P(x) chia cho x? — 1 thi du 2x.

Giai:
Px)i(x—2)=>PR2)=8+4a+2b+c=0
P(x)—2x:i(x*-1)> { pP((_li)_+22==00

a+b+c=1 b=1

10 a:0b+c=—1 C=10/3
A — 3 2 _
Vay P(x) = x TXT X ——

4a+2b+c=-8 a=-10/3
S

Céu 5.16 (2 diém): Cho hai da thiic
P(x) =x>+x*—9x3 4+ ax® + bx +c, Q(x) = x3 + 3x% — 4x — 12.
a) Tim cac nghiém ctia Q (x) trén trudng so thuc.
b) Tim a, b, ¢ d& P(x) chia hét cho Q (x).
Giai: a)
Q(x) c6 3 nghiémlax = 2,—2,-3

b) Do P(x) : Q(x) nén P(2) = P(-2) =P(-3) =0
4a+ 2b+c = 24 a=-1
4a—2b+c=-56<=1b=20
9a —3b+c =-81 c=-12

Viaya =-1,b = 20,c = —12

Ciu 5.17 (2 diém): Tim udc chung 16n nhat cta hai da thirc
P)=(x—-2)0-(x—-1)°-1, Q) =x2-3x+2
Giai: Ta co
, Q(x) =(x—1D(x—2)

Mait khac, thé x = 1 va x = 2 vao biéu thirc cua P(x) ta ¢
Pl =0 Px):(x—1)
PR2)=-2=Px)t(x-2)

Vay (P(x),Q(x)) = (x — 1).
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Céu 5.18 (2 diém): Cho hai da thirc
P(x) = x* —3x + 2, Q(x) =(x—28—(x—1D*-1.

Tim da thurc du R(x) trong phép chia Q(x) cho P(x).
Giai: Ta co
Px)=(x—-1)(x—2)
Mt khéc, thé x = 1 va x = 2 vao biéu thirc cia Q(x) ta c6
QD =0=20x):(x—-1)=Qx) =(x-1DQ ()
Q(2) =-2
Goi T(x) la da thirc thuong trong phép chia Q(x) cho P(x)
Q(x) = P(x).T(x) + R(x) & (x — DQ (x) = (=D —-2)T(x) + (x — DR (x)
Q2)=-2=>R(2)=-2
Do R(x) bac cao nhat 1a bac 1 nén R (x) c6 bac 0 hay R (x) = —2. Vay R(x) =
—2(x—1).

Ciu 5.19 (2 diém): Cho da thirc
Px)=(x?+x+ 1)+ 1.
a) Tim cac nghiém ctia P(x) trén truong sb phirc.

b) Hiy phan tich da thitc P(x) thanh cac da thirc bat kha quy trén truong hé s6 thuc.
Giai: a) Ta co
(2 +x+1)2+1=(x>+x+1)%—i?
= +x+1—-D*+x+1+10)
=2 —-i2+x—-Dx*—i>+x+1)
=x-Dx+1+Dx+Dx+1-10)
Vay cac nghiém cta P(x) trén trudng s6 phtc 1a i, —i, —1 + i, —1 — i.
b) Theo a) ta co
PxX)=(x—Dx+Dx+1+Dx+1-1)
=%+ 1)(x*+2x +2)
Céac da thirc bac hai x% + 1 va x% + 2x + 2 ¢6 biét thirc A < 0 nén 1a cac da thirc bat kha
qui trén truong sé thuc.

Céu 5.20 (2 diém): Cho hai da thic:
P(x) =x*+2x3+2x> —2x +q, Q(x) = (x — 1)(x? + bx + ¢).
Tim gia tri cta a, b, ¢ Qé da thtrec P(x) chia hét cho Q(x).
Giai: Néu P(x) chia hét cho Q(x), do Q(x) chia hét cho (x — 1) nén
Px):(x—1)=>P1)=0a=3
Khi d6
P(x) = (x—1)(x+ 1D(x%+ 2x + 3)
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Px):Q(x)e (x+1Dx?+2x+3): (x? + bx +¢)
Vaya=3,b=2,c =3.

x+D((x2+bx+c)+@2—-b)x+c—3): (x> +bx+c)
Suy ra kq trén.

DUYET CAN BQ PHAN BIEN _ CANBORADE
(Ky va ghi rd ho tén) (Ky va ghi 13 ho tén) VA XAY DUNG PAP AN
(Ky va ghi r6 ho tén)
Ngé Nhan Duc Bui Vin Hiéu Nguyén Du Thai
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